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' Abstract 

' A technique for investigation of classical fields is developed on the base of invariant Hamiltonian formalism. 

, Electromagnetic and scalar fields are considered as particular examples of using the general method. Poisson 

' brackets for these fields are calculated. The necessity of introduction of "non-physical" degrees of freedom for 

' electromagnetic field is explained. 

•r^ • 1. Introducing remarks. This paper is the first in the set of six joined by the same title. References to these 
papers will be given here in Roman numbers: [I], . . . , [VI]. 

J> One of the causes for this research was the attempt to answer the question: What is the structure of the space of 
CO states of quantized electromagnetic field, considered from functional analysis? 

o 

] 1. When they describe Gupta-Bleuler quantization scheme modern textbooks silently imply that the question 

' about the topology of quantum space of states of quantized electromagnetic field is solved in full analogy 

, with scalar field. And electromagnetic field is quantized either in usual Hilbert space (such a construction is 

' not relativistic invariant, even in non-apparent way [VI]) or in "Hilbert space with indefinite metric" (in such 

(~| I an approach the question about the topology has not been considered yet with all necessary mathematical 

0^- strictness; in fact, it turns out that the space of states has not been defined constructively at all). 

■ Anyway, founded on diiTerent analogies, it is usually supposed that the space of states, from topological point 

I of view, must be a Hilbert space. From our research it will be clear, that this point of view is erroneous. And 

this result is quite general: it forces us to make a new look at quantization of fields, even those fields that 
were quantized quite well up to now (for example, the scalar field). 



> 
X 



2. It will be shown that the root of the problem is not in functional analysis, but in algebra. The process of 
quantization in Fock space was not satisfactorily described from algebraic point of view yet. This is because, 

■ following Fock pQ, for construction of quantized electromagnetic field people take as a starting object the 

one-particle quantum space of states. But such an algebraic structure is too poor: there is no algebraic 
process that allows to construct quantized field, based on this structure (Namely, using only structure of 
one-particle state, it is impossible to introduce local field operators (see, for example, [3], chapter 5)). 

It will be clear from this research that an adequate algebraic structure for construction of a quantized field 
is a classical field, described with the use of the invariant Hamiltonian formalism. 

3. After solving algebraic questions (i. e. formulating satisfactory quantization scheme) the solution of the 
question about topology appears to be a quite "working" (non-fundamental) problem. It appears to be 
important to realize that it is necessary for constructing the space of states of electromagnetic field to 
abandon to use Hilbert space. In the paper [VI] for solving this problem we will introduce new types of 
functional spaces. 

4. There is no reason to discuss the question about relativistic invariance of the suggested construction of 
quantized field. The suggested construction is not only invariant: the requirement of relativistic invariance 
is the part of the construction. 

If we use the quantization scheme, given here, for quantizing the harmonic oscillator, the requirement of 
invariance with respect to some group substitutes (in some sense) the requirement of using Hilbert space as 
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a space of states. And we get two quantizations: one in Hilbert space and one — in the space with indefinite 
scalar product. 

So, we do not even try to generaHze Stone-von Neumann theorem for the case of relativistic fields: instead, 
we suggest completely different conception of quantization, which works differently even in the case of the 
harmonic oscillator. 

5. So far as our approach to quantization is consistently oriented to explicit control of a symmetry (in the case 
of relativistic fields — with respect to the Poincare group), it becomes possible to see, how the action of a 
group of symmetry is transferred from classical space of states to quantum, ft will not be an exaggeration to 
say that these are our papers where it is for the first time explained (at the rigorous level) how a quantum 
system gets integrals of motion of the same type that corresponding classical system has (and these integrals 
are connected with the group of symmetry). 

6. It is well known from the classical paper of Bohr and Roscnfeld ^ that some problems arise when we consider 
field operators in a fixed point of space-time. In modern books pretending to mathematical strictness it is 
said that we have in this case an "operator distribution" . But as far as I know no pithy mathematical theory 
of such distributions (like theory of generalized functions) was created. So, the term "operator distribution" 
still only expresses the fact that symbols like v4^(x) have no rigorous sense at all. 

If we use the invariant Hamiltonian formalism as a base for construction of quantum fields, we can see that 
this problem can be investigated even in the classical mechanics, and much more clearly. 

From the formal point of view, it is possible to investigate this question even in this paper. Especially as 
rigorous approach to calculation of Poisson brackets requires discussion of the topology of invariant phase 
space. Nevertheless, I prefer to postpone this question to the last paper. This is because the choice of 
topology for invariant phase space can be clearly and simply motivated only after consideration relativistic 
fields from the point of view of group theory [IV] and discussion of quantization [VI] . 

7. It is known that it is possible to add some divergence to the Lagrangian of a field without changing the 
equations of the motion. It is shown in the paper [II] that invariant Hamiltonian description of a field is not 
changed in this case. So far as the suggested scheme of quantization is totally based on the structure of the 
invariant Hamiltonian formalism, obtained quantization does not depend on this substitution of Lagrangian 
also. 

8. So far as for the base for construction of quantized fields we use classical field, not one-particle quantum space, 
Wigner-Mackey theory (about unitary representations of the Poincare group) does not play a fundamental 
role for us. The analogy of this theory is the theory of symplectic representations of Poincare group (in the 
paper [IV] I tried to describe some foundations). 

The theory of symplectic representations of Poincare group is similar to the theory of unitary representations. 
But the example of electromagnetic field shows that there is not full analogy here. 

9. In our account we will orientate ourself mainly to linear real Bose fields. The requirement of linearity here 
is of principle: we cannot quantize non-linear fields. As to requirements of reality and being Bose-field, 
these restriction are accepted here only to simplify notations and formulations. "Complexity" of a field just 
means the existence of additional complex structure. As to Fermi fields, for their description we need to use 
Grassmanian variables (see, for example, It is not important for our consideration, whether we use usual 
or Grassmanian numbers. 

In this paper we give classical description of electromagnetic field. The main goal is to give an account of well- 
known facts in a new language. However this approach allows us to look at some questions completely differently: 
for example, the question about energy of electrostatic field was treated incorrectly till now. 

2. Notations. In tensor notations we will write vectors of Minkowski space as , bi, etc. And we will use 
only contravariant components of tensors; indexes numbering components will be written always down. The frame 
of reference will be always supposed to be orthonormal with respect to the scalar product g( • , • ) , so that metric 
tensor has standard appearance: g^i, = diag (-1-1, —1, —1, ~i)fii/ ■ Repeating indexes always imply summation with 
due regard for signs. For example, the scalar product will be written as 

a 6 = 5^ = g^^ b^, = oq 6o - «! bi - 02 62 - a-s bs ■ 

The derivatives with respect to space-time coordinates will be marked by the symbol 9^ : 

( -9- \ 9_ 9- 9- ) 

\ dxQ I dxi dx2 dx3 / ^ ' 
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so, the index of a derivative, Hke all indexes, is contravariant. 

For reducing of notations the symbol of antisymmetrization is introduced: [^''l . This symbol means that we make 
antisymmetrization with respect to the nearest indexes fi and following after it. For example, the tensor of 
electromagnetic field is written as F^^, = d^^Ay — d^A^ — I'^'^l 2df^Ay . 

D'Alembert operator is given by formula: = 9^9^ • 

The Fourier transformation everywhere looks like: 

m = J d*x 6+^'=- ^(x) , ^{x) = / e-^'^- m • (1) 

The system of units is so that h = c = 1 . 

3. Invariant Hamiltonian formalism. It was shown in papers [711211^] that basic notions of the Hamiltonian 
formalism (namely, phase space and symplectic structure on it) can be treated in a relativistic invariant sense. 
In those papers formulas for symplectic structure of the most important systems were obtained (in coordinate 
representation). So, there was given a base of a scheme that can be called an invariant Hamiltonian formalism. 
A detailed account of this formalism see in original reviews |1U[ lllj . The question of equivalence of this approach 
and usual Hamiltonian mechanics for the case of systems with constraints was discussed also in |12| . 

Nevertheless I will remind here some basic notions. This is necessary in order to introduce our own notations. 

Let field '^i{x) is described by the Lagrangian L(ipi, dfj_ipi) . Here we will suppose that Lagrangian depends only 
on field values ipi and their derivatives^ and does not depend on the point x . Furthermore, we will consider only 
linear fields and Lagrangian will be supposed to be a quadratic function. 

The least-action principle leads us to Euler-Lagrange equations: 



- d^^j^jTr^ = . (2) 



Invariant phase space Z is defined as the set of all functions^ ipi that satisfy equations (jSJ . So long as we suppose 
the equation ^ to be linear, the space Z has natural linear structure. 

The elements of the space Z we will denote by underlined sets of symbols; for example, c (z Z . Functions on 
this space we will write as /- . For example, the value of the function ip corresponding to an element c in point 
x is written as 1^9(2;) - . 

We will usually identify elements of tangent bundle TZ with elements of the space Z . If it is necessary to point 
out that tangent vector c comes from a point & G Z , we can write it as c [b] . Elements of cotangent bundle T*Z 
will be similarly identified with the elements of adjoint space Z* . At the same time, differentials of linear functions 
will be identified with functions, i. e. instead of writing df we write simply: / . 

On the invariant phase space Z , like on usual phase space, there is a symplectic structure co : 

/dL 
d(J^Sj^,{x) , here Sj^{x) = ^ A ip^ . (3) 

The integration is assumed over any space-like hyper-surface S , which behaves well enough in infinity. 2-form Sj^ 
is called a symplectic current. So long as the symplectic current is conserved, the result does not depend on the 
choice of the surface S . 

The freedom in the choice of Lagrangian and non-uniqueness of the symplectic structure will be considered in the 
paper [II] . In reasonable sense we can say that non- uniqueness in the choice of Lagrangian does not influence the 
symplectic structure. 

The symplectic structure uj , as usually defines an isomorphism / : T*Z TZ of cotangent T*Z and 



'^It will be sufficient here to restrict ourself with Lagrangians depending only on derivatives of the first order. In general case we 
can consider also Lagrangians with higher derivatives ,12. . 

^More precisely, we will suppose for the present that we consider only smooth functions. We will also suppose that these functions 
differ from zero only on such a set, that intersection of this set with any space-like plane is finite. In paper [VI] we will discuss the 
question about natural topology of the space Z . 
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tangent TZ bundles"^. It transfers any 1-form /- G T*Z to tangent vector 77 G TZ , so that for any tangent 
vector c G TZ we have the equahty: 

10^'^ ^l^. (4) 

If a form I- is a differential of some function g- , i. e. I- — dg- , we say that g- is a generator of the vector field 
77 = 7_dfl . 

The Poisson bracket of two functions /- and g- is defined by equality: 

{/,5} = rf/^- (5) 
If functions /- and g- are linear this definition can be written just as: 

= (6) 

It will be enough here to restrict ourself with real fields, so the space Z will be a real linear space. Nevertheless, 
it is useful to consider complex functions on the phase space. Their differentials belong to complexified adjoint 
space. This is why instead of using the space Z* we will always use its complexification Z^ . Furthermore, when 
we define the Poisson bracket by formula lO, it is necessary to consider complex vectors I dg . It could be avoided 
if we define the Poisson bracket in a more abstract way^. 



4. Scalar field. Consider the scalar field. Its Lagrangian is: 

The equation of the motion takes form (Klein- Fock-Gordon equation): 

{d^+m^)(p = Q. (7) 

The symplectic structure Q on the invariant phase space Z*"^^' in coordinate representation takes the form (given 
in 13): 

ui = ddiy duip A (f . (8) 



s 

Let us make a Fourier transformation of the function ip{x) by the formulas (Q. So far as the function ip{x) 
satisfies the equation its Fourier-transform (p{k) can be represented as: 

^(fc) = 27r(5(fc2 - m^) • a{k) , (9) 

where a(fc) is a usual function defined on the mass surface fc^ = . 
Performing Fourier transformation of the symplectic structure (jS)) we have: 

d'^k 

dfirn. ■ i £{k) ■ a{—k)- a{k)- , here d^m — — -j ■ 2tt 5{k'^ — m?') . (10) 

Here integrated function is a usual product of numbers^. It is implied that arguments in the right part follow in 
the same order as in the left. 

Now in order to calculate the Poisson bracket of two field values { ^(fc) , ^(fc') } , according to the formula ©, let 
us consider the vector I(fi(k') . From the formulas Q) and l|l()|l we have that for any vector c : 

dfim -ieik) ■ a{-k)^a{k)i^^ = ^(/c')" • 



^Rigorously speaking, we can talk about such an isomorphism only after discussing the topology of the invariant phase space. 
Without such a discussion even the notion of cotangent bundle does not have a clear sense. For the reasons explained in "Introducing 
remarks" discussion of this question for the case of relativistic fields we postpone to paper [VI]. 

It should be also kept in mind that values like ip{x) that we use here appear to be not belonging to cotangent bundle after we 
introduce the proper topology. This shortcoming can be easily eliminated, but prefer just to ignore it till discussion of the topology. 

*We prefer to avoid complexification of Z , because this space can be considered as the set of physical states existing in nature. 
The space can be considered as the set of mathematical values that we use to describe physical states. 

^If we denote d/i^ = i^Mm ' ^{^) i the formula IIUI can be written with external product of forms: 



I 



d/^^ • ia*{k) A a{k) 
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Using linear independence of the form a(k)- with different values of k , fc^ = , and the definition of this 
form we get that the vector I(p(k') satisfies the following equation: 

a{k)i^^^-teik)-{2TTfS{k + k') . 

Therefore, using the formula 0, for the Poisson bracket we have: 

{lp{k),ip{k')}^-\ie{k)-2TT6{k^~m^)] ■ {2Tif5{k + k') . (11) 

Sometimes it is useful to have an analogous relation in coordinate representation. In order to get it we make the 
Fourier transformation of the formula Hll|l with respect to the arguments k and k' : 



Here function Dm{y) is: 



Dni{y) 



d-^k 



-iky ^ 



ie{k) ■ 27r(5(fc2 _ m^) 



(12) 



5. "Physical" electromagnetic field. Let us choose the Lagrangian of electromagnetic field gauge-invariant: 
L=-\F^,F^,^- [^"-l a^A, d^A, , here F^, = I'^'^l 2 d^A, . (13) 

The equations of the motion l^Jl take the form (the second Maxwell equation): 

d^^F^, = . (14) 

In this case it is convenient to define the invariant phase space Z"^"^^^ as the set of functions F^^{x) that satisfy 
the equation (|14l) . The value of vector potential in a fixed point x is not a well-defined function on ZP^^'' : 
an expression like A^(x)- has no sense if we do not say which gauge we use. For this reason, it is impossible to 
give any one-valued formula for the Poisson bracket of vector potential. 

The symplectic structure Q in this case takes the form (shown in [HI ED): 



UJ 



d(T^i F^,i, A Ai, 



(15) 



It is appropriate to mention that, though the form uj is written with using gauge-dependent value A^ , it is still 
gauge-independent, of course. 

Let us now choose the vector potential A^ so that it satisfies the Lorentz condition d^Av — . According to the 
equation (fTIjl . it will also satisfy the D'Alembert equation: S^A^ = . Let us split the expression l[T^ into two 
terms: 

to = - J da^ d^At, /\At,+ J da^ d^A^ A A^ . 

S E 

The second integral is equal to zero. We can check it in the following way. First, from the Lorentz condition and 
antisymmetry of external product we have that the integrated function is a conserved current: df^{duA^/\Aij) — . 
Therefore in the second integral, independently from the first, wc can integrate on the surface t = instead of 
integration on S . So, we get the integral: 

J d^x d^Ao A A^, . 

Using the Lorentz condition we can write it as: 

j d^x d,,{Ao A A^) . 

But Aq A Aq — . Therefore the summation by index v can be performed just from 1 to 3 . We get: 

J d^xdniAoAAn) . 
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This integral is an integral of the three-dimensional vector Aq A An ■ By Ostrogradsky-Gauss divergence theorem, 
it is equal to the flux of this vector through a far two-dimensional closed surface. This flux is equal to zero because 
the vector potential is implied to be chosen so that it is equal to zero there. 

So, under the Lorentz condition d^A^ = , the symplectic structure (|15|l can be written in the following way: 

da^d^A^AA^. (16) 

E 

Let us make the Fourier transformation of functions ^^(x) and F^^[x) . Similarly to the case of the scalar 
field we can write these Fourier transforms as: 

A^{k) = 27rJ(fc2) • a^(fc) , F^,{k) = 2ti 5{e) ■ f^,{k) . 

Here a^(fc) and ffj.^{k) are usual functions defined on the light cone k^ ~ . 
The symplectic structure (|16f) in the Fourier representation takes the form^: 

dfim ■ i £{k) ■ a^{—k)- a,y{k)- . (17) 



The formulas H16|l and (|17|l look very similar to the corresponding formulas ||SJ| and (|10|l for the scalar field. 
More rigorously, they look like formulas for the symplectic structure of four scalar fields. But it is important to 
understand that the invariant phase space Z^^^^ introduced in this section is not a direct sum of phase spaces 
of four scalar fields. For this reason, as we mentioned above, it is impossible to calculate the Poisson bracket for 
vector potential. 

Consider now the structure of the space Z^^^^ in Fourier representation. This space can be considered as the set 
of functions a^(k) on the light cone k'^ — satisfying the Lorentz condition — ik^a^{k) = and considered 
accurate up to the gauge transformation: 

a^(fc) af^{k) - ikf^X{k) . 

From here and from the formula H17|l we see that the symplectic structure on the space Z^^^^ is not degenerate. 

Now it is clear that, though it is impossible to calculate the Poisson brackets for components of vector potential, it 
is possible to calculate the brackets { F^p{k) , F,ja{k') } and { Ff^p[x) , F^aix') } . Nevertheless, we postpone this 
problem till the section [TTI 



6. Heisenberg-Pauli term. After the paper of Heisenberg and Pauli jJJ when quantum theory of electromag- 
netic field is discussed it is customary to change the Lagrangian adding to it an additional term | {d^^A^Y ■ For 
such a step in modern textbooks there are many different "explanations" . Generally they can be divided into two 
types. 

The first type are "explanations" appealing to formal difficulties of using the Hamiltonian formalism and watching 
relativistic invariance. As we have shown in the section |S1 even if there were any difficulties, they disappear, if we 
use the invariant Hamiltonian formalism. 

The second type are "explanations" appealing to quantum theory in some way. Now our first goal is to explain 
that the reasons for changing the Lagrangian exist even in the classical theory. 

At first sight, the term | (9^Ap)^ only fixes the gauge: if the Lorentz condition was satisfied in the past, it will 
be satisfied in the future. But actually there is a more deep consequence: when we develop scattering theory and 
perturbation theory we get the opportunity to get rid of such a fiction as separation of field to "own" field of 
particles and "radiation" . 

Indeed, it is impossible in practice to solve a dynamic problem exactly. So, we calculate first some first approxi- 
mation and then we calculate radiative corrections. In order to take into account radiative recoil we have to divide 
field into "own" and "radiative" in some way. But it is impossible to do it rigorously even in simplest situations. 
It is not surprising, because in the Lagrangian formalism there is no hint of such a separation. 



^ Using an external product we can write it as: 

oj = — J d^'^ia1{k) f\av{k) 



— February 7, 2008 — 



— D. A. Arbatsky '^QED. I. Classical electrodynamics." 



— 6 — 



But we can approach problems of scattering differently. Consider, for example, scattering of two particles interacting 
with each other by electromagnetic field. Let us use some naive mechanical analogy: for example, two heavy balls 
sliding on a smooth elastic membrane. Membrane corresponds to electromagnetic field. 

If we do not divide the field into own and radiation we have to accept that all field is "created" by particles. In 
order to formalize such an approach we have to introduce turning interaction on and off. 

The process of scattering of particles and of electromagnetic field then can be described in the following way: 

1. In the far past the particles are free and they do not interact with the field. There exists also the field and 
it is far from the particles. 

2. Then, while particles are far from each other, we turn on interaction adiabatically. The particles put on their 
field at this stage. 

3. After interaction is fully turned on particles (and field) run to each other near, interact and then run away 
from each other. 

4. When they are far enough we turn interaction off adiabatically. 

5. Then there remain only bare particles, and there is no field near them, and free field which is not connected 
with the particles. 

It is obvious for balls sliding on an elastic membrane how to turn on and off interaction: it is necessary to turn 
on and off the gravitation. But in the case of electromagnetic field we can not do anything so simple. Consider, 
for example, interaction of electromagnetic field A^{x) with a given current J^{x) . The Lagrangian in this case 
takes the form: 

L = -\F^,,F^,,-aJ^A^ . (18) 
Here a{x) is a function that turns on and off interaction. In order to write formulas shorter we will use a notation: 

From the Lagrangian (|I8|I we get the equation of the motion: 

d^F^. = J: . (19) 

Applying to both sides the operation di, we see that, if d,yJ"y^O, the equation HI9|I does not have any solutions. 
So, the interaction can not be turned on and off. 

But if we add to the Lagrangian the term | (d^Afj^)'^ , i. e. use the Lagrangian 

L ^4 Ffiv Pfj,iy + 2 (^M^m) '^/j ' 

then the equation of the motion takes the form: 

^^,F^, - s d,d,,At. = , (20) 
and solution Afj_(x) can be easily found for any function a{x) . 

Later we will always imply that e = — I . In such a case the equation H2U|I takes especially simple form: 

d^A, - J," . (21) 

Its solution is the Lienard-Wiechert potential. For this reason this "gauge" should be called the Licnard-Wiechert 
gauge. Nevertheless, in quantum electrodynamics it is called the Feynman gauge. 

If we calculate a four-dimensional divergence of both parts of equation (|21|l . we get: 

It can be shown from here that, if interaction is turned on and off adiabatically and the Lorentz condition d^A^ = 
took place in the far past, then it will take place everywhere. 

From this we also see that the additional term ^ (9^^^)^ in the Lagrangian will make a zero contribution in the 
variation of action. Therefore in the region, where interaction is completely turned on, the system of particles and 
fields will satisfy the same equations of motion as the system with no additional term in the Lagrangian. 

So, introduction of the additional term in the Lagrangian does not substantially change the scattering. But it 
allows to avoid separation of "own" field of particles and allows to construct a local perturbation theory. 

It is difficult to say now, how far we can go in constructing of perturbation theory for classical electrodynamics. 
But it is apparent that without introduction of the additional term in Lagrangian situation would be completely 
hopeless. 
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7. "Non-physical" electromagnetic field. Now consider again the free electromagnetic field, but include 
already in Lagrangian the term — i (S^A^)^ . Then the Lagrangian can be written in the following way: 

As we will show in the paper [II] the term that is a full divergence can be thrown off. After that the Lagrangian 
takes especially simple form: 

£ = — ^ dfj^Ai, dfj^Ai, , 

i. e. it is in fact the Lagrangian of four scalar fields^ with to = considered in the section 0] The equation of the 
motion has the form: 

d^A^ = . 

Now the invariant phase space is a direct sum of four phase spaces of scalar fields. Let us denote it as Z"* . The 
symplectic structure in coordinate and Fourier representations is given by formulas: 

uj = - I da^ d^A^ A A^ . (22) 



s 

LU-'- = — J d^m ■ i s{k) ■ ai,{—k)- ay{k)- . (23) 

The formulas (|22|l and H23|) look the same as corresponding formulas from the section O But the difference in their 
meaning is important: now we can calculate the Poisson bracket for the vector potential. In Fourier representation 
it has the form: 

{A^{k), A,{k')}^g^,,- [ie{k)-2Ti5{k')'\ ■ {2^)H{k + k') . (24) 
In coordinate representation: 

{ A^{x) , A,ix') } = g^, Doix - x') . (25) 
Here Do{y) is the function H12|l with m — . In this case it can be written just as: 

Let us apply to both sides of the formula (|^ symbol [''^1 2{—i hp) ["^"l 2 (— i k'„) . We get the formula for the 
Poisson bracket of the tensor of electromagnetic field in the Fourier representation: 

{F^p[k) , F,„{k')) ^^'^p'^^'^'^Ug^^.kpk, ■ [ze(fc)-27r,5(fc2)] ■ {2TTf5{k + k') . (26) 

In the coordinate representation this relation can be written in the following way: 

{Fpp{x) , F,,{x')} ^ - ^^^P^^-'^Ugp^dpdMx - ■ (27) 
Here both derivatives are taken with respect to the argument without dash. 

It should be mentioned already that formulas H2()|) and H27|) are the same as formulas for the Poisson brackets of 
the "physical" electromagnetic field described in the section |S1 It will be proven in the section [TTI 

8. Energy of electrostatic field. In the paper [III] we will get a formula that can be used in the invariant 
Hamiltonian formalism for obtaining generators of the Poincare group. With its help wc easily get the formula for 
the momentum of the "non-physical" electromagnetic field: 

P- = -J ■ ku ap{k) ap{k) . (28) 

From this formula we see that the energy of the "non-physical" field is not positive-definite. And what is more, it 
follows from this formula that the energy stored in electrostatic field created by a system of fixed charges is always 
negative. 



^The term corresponding to the field with index = is included with negative sign. 



— February 7, 2008 — 



— D. A. Arbatsky '^QED. I. Classical electrodynamics." 



— 8 — 



Here we will discuss this paradox with some details. This is necessary because it was usually incorrectly treated in 
the frame of quantum theory (see, for example, |16[ll7[[T5lll9p . 

The problem of negativity of energy of "time" photons in quantum electrodynamics was noted a long time ago. It 
was supposed that quantization in the space with indefinite scalar product allows change the sign of this energy. 
And it was considered as an argument for introduction of indefinite scalar product. It seemed so because, if we 
use indefinite scalar product in quantum case, it is not quite clear what we should call the energy of a state: the 
average value of the Hamiltonian or its eigenvalue. This vagueness, of course, appeared because, first, there was 
no clear conception of quantization, and second, classical theory was not formulated in the appropriate way. 

But from our consideration it is clear that the discussed energy must be negative: only such value looks natural 
from the point of view of relativistic theory. And indefiniteness of metric in quantum case has no relation to this 
question. 

It should be also noted here that the notion of vacuum of a field we do not connect in any way with minimum of 
energy. The vacuum of a classical field is just the zero vector of the space Z . A notion of vacuum of a quantum 
field we will introduce in description of quantization in the paper [VI]. 

But what can we say now about the positiveness of electrostatic energy which is well-known in the usual electro- 
statics? The fact is that this notion implies usually a different meaning: it usually imply the work that the system 
can make, if charges will be split in infinite small parts and they will be carried far away from each other. But the 
formula (|28|) gives the energy that remains in the field, if its interaction with the charges is instantly turned off. 

We will not discuss this question in more details here. But let us notice the following. In electrostatics there is the 
formula for energy: 

£;Mi = 1 y" ipdQ . 

The multiplier ^ is usually explained so that, if we use the formula for the energy in external field, we count the 
mutual energy of two charges two times. 

But in the frame of the theory that we discuss here the field is always considered as external. Therefore, we can 
say that the energy of charges is always given by the formula: 

We have to add to it the energy of the field: 

The sum of charges ^ field jg gxactly E^''" . 



9. Scattered states of "non-physical" field. Consider now scattering of the "non-physical" field on a given 
current. As it was explained in the sectional wc will suppose that the interaction with electromagnetic field is 
turned on and off adiabatically and the particles constituting the current are accelerated only in the region of 
space-time where the interaction is fully turned on, i. e. a{y) = 1 . 

In an arbitrary point of space-time the field will consist of two components: the field that existed in the far past 
and the field created by the particles. This additional field can be calculated with the Lienard-Wiechert formula: 

Afix) = J dV D^,{x - x') J^{x') , here D'^^{y) = e{y) D^{y) . (29) 

In the invariant Hamiltonian formalism a state of a field implies a solution of the corresponding homogeneous 
equation. In our case this is the equation d^A^ — . Therefore when we talk about a state of the field in the far 
past or in the far future it is natural to continue the function A^{x) by the homogeneous equation to the whole 
space. So, we come to the definition of the in- and out- fields: A^{x)— and A^{x)— . Here in and out are 
vectors of the invariant phase space . It is natural to call these vectors in- and out- states. The difference of 
these two vectors corresponds to the radiated field: 

out — in = rad . 

In order to find the field A^{x) — we have just to make a minor correction in the Lienard-Wiechert formula H29|l: 

M^)— = J dyDoix~x')J^{x') . 
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In the Fourier-representation this formula can be written in an especiaUy simple way: 

A^{ky-^^ie{k)-2TTS{k^)-J^{k) , 
or, with using non-singular function a^{k) on the light cone, even shorter: 

a^{ky^ = ie(k)J'^{k) . (30) 

We see that in the given formulas we can approach to the adiabatic limit. The set of all possible vectors rad 
forms a linear subspace of the invariant phase space . Let us denote this space . As it was explained in 
the section |H| if the interaction is turned on and off adiabatically, the Lorentz condition is not broken. Therefore 
the space Z-^ does not coincide with the whole Z^ . On the other hand, it follows from the formula (|30(l that 
there is no other condition that restricts the space Z-^ . So, Z^ is the subspace of the space Z^ defined by the 
Lorentz condition: 

radGZ-L ^ -ik^a^,{ky-^^Q . (31) 

This explains the notation . 

It is natural to believe that all possible in-states were created from the vacuum by interaction with currents. Then 
vectors of in- and out- fields also lie in the subspace Z^ . So far as all possible radiation fields fill the whole Z-^ , 
all possible in- and out- fields also fill the whole Z^ . 

Using the condition H31|) and the formula (|28|) for the energy-momentum vector we see that the states from the 
space Z-^ have non-negative energy. 



10. Remainders of gauge invariance. Consider now such a vector gauge £ Z that the function a^(fc) s'^^se 
can be written as: 

a^{k)^^-ik^\{k) , 

where A(fc) is some function on the light cone. The set of all vectors of this type form a linear subspace in Z^ . 
Let us denote this space . It is obvious that lies in Z-^ . 

Consider again the scattering of particles and field when the motion of particles is not given and there is, generally, 
non-zero in-field. This scattering is described by the Lagrangian: 

L = LP-t-i- - i d^A, d^A, -aJf^Af, . 

Let us suppose that the corresponding equations of motion are solvable and trajectories of particles and field ^^(x) 
that make action stationary are found. Let us also suppose that adiabatic turning on (off) of interaction is made 
in so far past (future) that all particles are far from each other and the field Ap(fc)— ( yl^(fc)— ) is far from all 
particles and the field A^(A;)ssJi££ is also far from all particles. 

Let us add to the field Af^{x) the field A^ (x) . Or, in other words, let us make the gauge transformation: 

A^{x) ^ A^{x) + d^,A{x) , (32) 
where A(a;) is a function whose Fourier transform is connected with A(fc) by relation: 

A(fc) = 27r(5(fc2) • A(fc) . 

In the region where interaction is turned on and off this addition can not influence the stationarity of action. 
Indeed, so far as the particles are outside of the region where this addition is present, variations of terms ^particles 
and — a can not change. Furthermore, the term — i df^A^, d^^A^ differs from the gauge-invariant by the 

full divergence, which can not change the variation, and by the term — i {d^A^y , which has a zero variation, 
because 9^/1^ = . 

Consider now the region, where interaction is fully turned on. The transformation (|32|l can not change the 
variations of the terms Lpa-''ti'=ies _ i Q^j\^^ d^Ay for the same reasons that in the case of the regions where 

the interaction is turned on and off. There remains the term — A^ . Under the gauge transformation H32|l it 
becomes — J^A^— d^A{x) . Therefore, in the variation of the action we get the additional term — SJ^ d^K{x) . 
Integrating it by parts and using conservation of the current we get that it does not add anything to the variation. 

So, under the transformation (|32|l motions that satisfy the condition of stationarity of action are transformed to the 
motions that also satisfy this condition. It is possible to say that the space does not participate in scattering 
at all. 
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It is natural to suppose that the scattered states of electromagnetic field are observed only by their influence on 
charged particles. Then any two vectors from that differ by vector from are physically indistinguishable. 
Therefore, instead of using the space , we can use the factor-space 

z±/\\ =z^iz\\ . 

Notice now that in the Fourier representation the space Z^l^ can be considered as the set of functions ap,{k) on 
the light cone = satisfying the Lorentz condition — i a^{k) = and considered accurate up to the gauge 
transformation: 

a^(fc) ^ a^{k) - ik^\{k) . 

Therefore, we can establish the natural one-to-one correspondence between elements of the spaces Z-'-/" and 
^■phys _ 

And what is more, the space Z-'-/" naturally inherits from the full space Z"^ the symplectic structure (I23|) . and 
this structure obviously is the same as the symplectic structure of the space Z^^^^ given by the formula (|17|l . So, 
^-'-/ll and Z^'^y^ are also naturally identified as symplectic spaces. 

11. About the Poisson bracket on Z-'-/" . Consider now on the space Z^ a linear function F^p^k)- (or 
Ffj.p{^)- )■ And let us suppose k (or, correspondingly, a; ) to be fixed. As we have said in the section |31 this 
function is a generator of a vector field on . 

Notice, first, that so far as the function under consideration is linear on Z^ , its differential does not depend on 
the point of the space Z'^ (and is identical with the function). Therefore the obtained vector field is constant on 
the whole space Z'' . 

Second, differential of the function under consideration, like the function, is zero on Z" . Therefore, as it is seen 
from the formula for symplectic structure (|23|l . the vector of the obtained constant vector field belongs to the 
subspace Z-^ . 

From these two statements we get that the obtained field can be naturally restricted to the factor-space Z-'-/" . 

On the other hand, the space Z^/" has its own symplectic structure. If we restrict the function Fpp{k)- (or 
Ffj,pix) - ) to this factor-space, the obtained function will be a generator of some vector field in Z-'-/" . 

But, so far as the symplectic structure in Z^/" is inherited from Z^ we can see that both vector fields in Z^/" 
are identical. 

From here we also get that the formulas H26|) and (|27|l obtained in the section [7| for the "non-physical" field work 
for the "physical" field also. 
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O KBaHTOBaHHH SJieKTpOMarHHTHOrO nOJIH. 

I. KjiaccHHecKaa sjieKTpoflHnaMHKa. 

Jl. A. ApSaTCKHH* 
7 (t)eBpajia 2008 r. 



X5 



' AHHOTai^Ha 

o : 

, PasBHBaeTCH MeTOflHKa HCCJieflOBaHHH KJiaccH^ecKHx nojieii na ocHOBe HKBapnaHTHoro raMHJiBTOHOBa cJjopMajiHSMa. 

' 9jieKTpoMarHHTHoe none, napafly co CKajiapHbiM, BbiCTynaeT KaK HacTHbiit npHMep npHMeneHHa o6mero Mexofla. 

BbiHHCJiaMTca cko6kh DyaccoHa fljia sthx nojieii. PastacHaeTca Heo6xoflHMOCTb BBeflenna „ necJjHSHHecKHx" 
^ , CTeneHeii CBo6oflbi fljia sjieKTpoMarHHTHoro nojia. 

] 1. BBOflHbie 3aMeHaHHH. /laHHafl CTaTba ABjiaeTCfl nepBoii b cepHH h3 mecTH CTaTeii, o6'i>eflHHeHHbix o6iri;HM 
• sarojiOBKOM. Ccmjikh na sth CTaTbH 6yflyT s^ecb ^aBaTbca phmckhmh Li;H(J)paMH: [I], . . . , [VI]. 

^ ' O^HHM H3 noBO^OB fljisi HacToaLLi,ero HCCJie^iOBaHHa ABHJiacb nonbiTKa OTBeTHTb Ha Bonpoc o TOM, KaK ycTpoeno 

, npocTpancTBO coctohhhh KBaHTOBanHoro sjieKTpoMarHHTHoro nojia c to^kh speHHfl (JjyHKiiHOHajibHoro anajiHsa. 

o 

fSJ ' 1. Hpn H3JiojKeHHH cxeMbi KBaHTOBaHHH rynTbi-Bjieiijiepa coBpeMennbie yHe6HHKH MOJiHajiHBO npe^HOJiararoT, 

I HTO Bonpoc o TOHOjiorHH KBaHTOBoro npocTpancTBa coctghhhh y ajieKTpoMarHHTHoro hgjih pemaeTca b 

'tJ ■ HOjiHoii anajiorHH c hojigm CKajiapHbiM. IlpH stom sjieKTpoMarHHTHoe nojie KBaHTyeTca jih6o b o6bi^HOM 

I rHjib6epT0B0M npocTpancTBe (TaKaa KOHCTpyKLi;Hfl ne oGjia^aeT ^ajKe HeaBHoii pejiaTHBHCTCKoii HHBapHaHTHOCTbio 

■ [VI]), jih6o b „ rHJib6epT0B0M npocTpancTBe c HH^ecJjHHHTHoii MeTpHKoii" (npn TaKOM no^xo^e Bonpoc o 
TonojiorHH flo chx nop BOoGme ne 6biJi HCCJie^OBan na ^ojijkhom ypoBne CTporocTH; npn stom (J)aKTH^ecKH 

■ OKasbiBaeTCH, ^^to npocTpaHCTBO coctohhhh BOo6iri;e ne onpeflejiajiocb KOHCTpyKTHBHo) . 
> ■ 

■ B J11060M cjiy^ae, ocHOBbiBaacb na pasjiHHHbix anajiornax, o6bi^HO CHHTaiOT, hto npocTpancTBO coctohhhh, 
^ I c monojiozuHecKou to^kh spenna, doAotcHO 6biTb rHJib6epTOBbiM. H3 Hamero HCCJie^jOBanHfl CTaneT acho, hto 
• • ■ TaKaa TOHKa spenna omH6o^^Ha. IlpH^eM 3tot BbiBOfl flBjiaeTCH floCTaTOT^HO o6iri;HM: oh sacTaBjiaeT no-HOBOMy 

. 5^ I BsrjiflHyTb H Ha KBaHTOBaHne nojieii, c KBaHTOBanneM KOTopbix flo chx nop Bce KaK-6yflT0 6bijio b Hopa^Ke 

■ (nanpHMep, CKajiapHoro) . 

CZ ^ 2. KopeHb Hpo6jieMbi, KaK 6yfleT BHflHO, jiejKHT He B 4)yHKLi;H0HajibH0M anajiHse, a B ajire6pe. ripoiiecc KBaHTOBaHHH 
B npocTpancTBe 3>0Ka ^o chx nop ne 6biJi OHHcan y^OBJieTBopHTejibHO c aAze6pauHecKou tohkh spennH. ^ejio b 
TOM, HTO, cjie^yfl 3a "Jokom ^jih HOCTpoenHH KBaHTOBannoro hojih b Ka^ecTBe OTHpaBHoii ajire6paH^ecKOH 
CTpyKTypbi 6epyT o^HO^acTH^Hoe KBanTOBoe npocTpancTBO. Ho TaKaa ajire6paHHecKafl CTpyKTypa cjihoikom 
6eflHa: ne cymecTBycT ajire6paHHecKoro HpoLi;ecca, HOSBOJiHiomero CKoncTpynpoBaTb na ee ochobc hojic KBanTOBoe 
(hmchho, onnpaacb TOJibKO na CTpyKTypy oflHonacTHHHoro noflnpocTpancTBa, hcbosmojkho bbccth jiOKajibHbie 
onepaTopbi nojia (cm., nanpHMcp, [HI, rji. 5)). 

KaK 6yfleT bh^ho h3 nacTOflinero HCCJieflOBaHHa, noflxoflamefi ajire6paHT^ecK0H CTpyKTypoii pflR nocTpoenHfl 
KBaHTOBaHHoro nojia aBjiacTca KjiaccHHCCKoe nojie, onncaHHoe na asbiKC HHBapnaHTHoro raMHjibTonoBa 
(]DopMajiH3Ma. 

3. Ilocjie pemeHHa ajire6paH^ecKHx BonpocoB (t. e. nocTpoenna yflOBjieTBopHTejibHoii cxcmm KBanTOBaHHa) 
pemeHHe Bonpoca o Tonojiornn OKa3biBaeTca b 3HaHHTejibH0H CTenenn hhcto TexHH^ecKoii npo6jieMoii. Hpn 
3T0M BajKHbiM 0Ka3biBaeTca oco3HaHHe Toro (J)aKTa, ^TO npn nocTpoennH npocTpancTBa cocToanHii sjieKTpoMarHHTHoro 
nojia B J11060M cjiynae npnxo^iHTca ot rHJib6epTOBa npocTpancTBa OTKa3aTbca. B CTaTbe [VI] ^Jia pemenHa 
3Toii npo6jieMbi BBO^aTca hobmc Kjiaccbi (JjyHKiiHOHajibHbix npocTpancTB. 
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4. Bonpoc o pejiflTHBHCTCKoii HHsapHaHTHOCTH npefljiojKeHHoii s^ecb kohctpykiihh KBanTOBaHHoro nojia ne 
BCTaeT. ^ejio b tom, ^to sia KOHCTpyKiina ne npocTO pejiflTHBHCTCKH-HHBapHaHTHa: Tpe6oBaHHe pejiflTHBHCTCKoii 

HHBapHaHTHOCTH COCTaBJIfleT OCHOBy CaMOii KOHCTpyKLtHH. 

EcjiH HcnojibsOBaTb npHBe^ieHHyio 3fl,eci> KOHCTpyKiiHio fljin KBaHTOBaHHH rapMOHHHecKoro ociiHJiJiaTopa, 
TO Tpe6oBaHHe nHBapnaHTHOCTH KBaHTOBanHfl no OTHomenHK) k neKOTopoii rpynne b nsBecTHOM CMbicjie 
saMGHfleT Tpe6oBaHHe o tom, ^toGbi KBaHTOBoe npocTpancTBO cocTOSHHii 6bijio rHjib6epT0BbiM. Xlpn stom 
KBaHTOBaHHH 0Ka3biBaeTCfl ffBa: OflHO b rHjib6epT0B0M npocTpancTBe h o^ho — b npocTpancTBe c HHflecjjHHHTHbiM 
CKajiapHbiM npoH3Be^eHHeM. 

TaKHM o6pa30M, mm ^ajKe ne ^ejiaeM hohmtkh KaK-jiH6o o6o6iri;aTb TeopeMy CToyHa-4)OH HeHMana na cjiy^aii 
pejiflTHBHCTCKHx HOJieii: bmgcto SToro npefljioJKena npHHiinnnajibHO Hnaa KOHiieHiiHfl KBanTOBanHa, KOTopaa 
^ajKe B cjiynae KBanTOBanHfl rapMOHHHecKoro ociiHJiJiflTopa pa6oTaeT unane. 

5. HocKOJibKy Ham ho^ixo^ k KBaHTOBanHio nocjie^iOBaTejibno opneHTHpoBaH na sBHoe OTCJiejKHBaHHe chmmbtphh 
(b cjiynae pejiflTHBHCTCKHx nojieii — no OTHomennio k rpynne XlyanKape), y^aeTCfl acno npocjie^HTb, KaxHM 
o6pa30M fleiicTBHe rpynnbi chmmbtphh nepenocHTca c Kjiaccn^ecKoro npocTpancTBa cocToannn na KBanTOBoe. 

He 6yfleT npeyBejinnenneM CKa3aTb, hto hmshho b nacToamnx CTaTbax BnepBbie (na CTporoM ypoBne) pacKpbiBaeTca, 
KaKHM o6pa30M y KBanTOBoii cncTeMbi 0Ka3biBaK)TCfl nnTerpajibi ^BH^Kenna Toro see Tnna, hto h y cooTBeTCTByronieii 
KJiaccnnecKoii cncTeMbi (n CBa3aHHbie c najin^neM rpynnbi CHMMeTpHn). 

6. Eme CO BpeMen KjiaccnnecKoii pa6oTbi Bopa h Po3eH4)ejibfla 0] H3BecTH0, ^to npn paccMOTpennn nojieBbix 
onepaTopoB b neKOTopoii (jaHKCHpoBannoH Tonxe npocTpancTBa-BpeMenn B03HHKaiOT npo6jieMbi. B coBpeMennbix 
KHHrax, npeTGHflyioinHx na MaTeMaTnnecKyio CTporocTb, npHnaTO roBopHTb, hto mm HMeeM b 3tom cjiy^ae 

flejio c „onepaTopHbiM pacnpeflejienneM". O^naKO, nacKOJibKO Mne H3BecTH0, nnKaKoii coflepjKaTejibHoii MaTeMaTnnecKon 
Teopnn Taxnx pacnpe^jejienHii {no;io6HOH Teopnn o6o6LLi,eHHbix 4)yHKu,HH) ^ano ne 6biJio. HosTOMy TepMnn 
jjOnepaTopnoe pacnpeflejienne" cnx nop Bcero jinnib OTpajKaji tot 4)aKT, ^to CHMBOJiaM BH^ja A^{x) 
BOoSme HUKOKOso CMMCJia npn^aTb Hejib3a. 

Hpn Hcnojib30BaHHH HHBapnaHTHoro raMHJibTonoBa (J)opMajiH3Ma b KanecTBe ochobm fljia nocTpoenna KBanTOBMx 
nojiefi MOJKHO bh^gtb, hto npo6jieMa STa MOJKeT 6biTb nccjieflOBana yxe b KjiaccnnecKoii MexannKe, npnneM 
c ropa3flO 6ojibmeH acnocTbio. 

C TO^KH 3peHHa 4)opMajibHOH, MOJKHO 6biJio 6bi nojiHOCTbK) pa3o6paTb 3T0T Bonpoc yjKe B ^lannoH CTaTbe. 
TeM 6ojiee ^tto CTpornii noflxofl k BMnHCJiennio cko6ok Xlyaccona Bce paBHO Tpe6yeT o6cy}KfleHHa Tonojiornn 
HHBapnaHTHoro (i)a30Boro npocTpancTBa. Tgm ne Menee stot Bonpoc a npe^noneji ocTaBHTb flo nocjie^HeH 

CTaTbH. ^ejIO B TOM, ^TO Bbl6op TOHOJIOrHH fljia HHBapHaHTHOrO (J)a30BOrO npOCTpanCTBa MOJKBT 6bITb aCHO 

H npocTO MomueupoeaH TOJibKO nocjie paccMOTpenna pejiaTHBncTCKHx nojieii c tohkh 3peHHa Teopnn rpynn 
[IV] n o6cy}K^eHHa KBanTOBanna [VI]. 

7. KaK n3BecTH0, k jiarpaHJKnany nojia mojkho flo6aBjiaTb neKOTopyio flnBepreniiHio, ne Menaa npn stom 
ypaBneHHH flBHJKeHna. B CTaTbe [II] noxasano, ^tto npn stom ne MenaeTca n HHBapnaHTHoe raMHjibTonoBO 
onncanne nojia. HocKOJibKy npe^iJiaraeMaa cxeMa KBanTOBanHa H,ejinKOM 6a3npyeTca na CTpyxType nnBapnanTHOro 
raMHJibTonoBa (|)opMajiH3Ma, nojiy^aeMoe b pe3yjibTaTe KBanTOBanne TaKJKe k 3aMene jiarpanjKHana ne^yBCTBHTejibno. 

8. HocKOJibKy ocHOBoii fiJiR nocTpoenna KBanTOBannbix nojieii y nac BMCTynaeT KJiaccn^ecKoe nojie, a ne o;i,HO^acTH^Hoe 
KBanTOBoe npocTpancTBO, Teopna Bnrnepa-MaKKn (o6 ynnTapHMx npeflCTaBjiennax rpynnbi HyaHKape) y nac 

ne nrpacT (Jayn^aMenTajibnon pojin. AnajioroM SToii Teopnn aBjiaeTca Teopna cnMnjieKTH^ecKHx npe^CTaBjiennn 
rpynnbi HyanKape (b CTaTbe [IV] a nonbiTajica onncaTb neKOTopbie ocnoBbi). 

Teopna cnMnjiexTn^ecKHx npe^CTaBjiennn rpynnbi XlyanKape ^o nsBecTHoii CTenenn noxojKa na Teopnio 
ynnTapnbix. O^naKO, npnMcp sjiexTpoMarnnTnoro nojia ksk pas noKasMBacT, ^to nojinoii anajiornn 3flecb 
neT. 

9. B CBOCM H3JiO}Kennn mm 6y^eM opnenTnpoBaTbca npenMymecTBenno na Jinnennbie BeniecTBennbie 6o3e-nojia. 
Tpe6oBanne jinnennocTn s^ecb npHHiinnnajibno: nejinnennbie nojia mm KBanTOBaTb ne yMCCM. Hto xacacTca 
TpeGoBannii BemecTBennocTn n Toro, ^To6bi nojie 6bijio 6o3eBCKHM, to sth orpannirenna npnnaTM 3flecb 
TOJibKO fljia Toro, TrTo6bi ne ycjioJKnaTb o6o3naneHHa n (JjopMyjinpoBKn. „ KoMnjiexcnocTb" nojia osnanacT 
npocTO najiH^ne ^onojinnTejibnoii KOMnjieKcnoii CTpyKTypbi. Hto KacaeTca (JjepMneBCKnx nojieii, to ^Jia nx 
onncanna Tpe6yeTca Hcnojib30BaHHe rpaccManoBMX nepeMennbix (cm., nanpnMep, [H]). Hcnojib3yK)Tca jin 
o6binnbie nncjia njin rpaccManoBM, fljia namero paccMOTpenna ne npnnn;nnnajibno. 

B flannoii CTaTbe ^aeTca onncanne KJiaccn^ecKoro sjieKTpoMarnnTHoro nojia. OcnoBnaa n,ejib — nsjiojKHTb o6LLi,en3BecTnbie 
(J)aKTbi na hobom a3biKe. BnponeM, ^lannbin no;i,xo;i, no3BOJiaeT B3rjianyTb na neKOTopbie BonpocM coBepmenno 
nna^re: nanpnMep, BbiacnaeTca, ^to Bonpoc o6 sneprnn sjieKTpocTaTH^ecKoro nojia ;i,o cnx nop TpaxTOBajica 
nenpaBnjibno. 
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2. 06o3HaHeHHa. B TensopHMx o6o3Ha^eHHflx mm 6y;ieM aanncMBaTb seKTopbi npocTpancTBa MnHKOBCKoro xax 
, &^ H T. n. IIpH 3TOM 6yflyi HcnojibsOBaTbca TOJibKO KOHmpaeapuamnHue KOMnoneHTbi TensopoB; HH^ieKCbi >Ke, 
HyMepyiomHe hx, 6yflyT nncaTbCfl Bcer^a enuay. CncTeMa KOop^HnaT Bcer^a 6yfleT npeflnojiaraTbCfl opTOHopMHpoBaHHoii 
OTHOCHTejibHO CKajiapHoro npoHSBe^eHHfl g{- , • ) , t. e. TaKoii, ^to MeTpHHecKHii Tenaop HMeeT CTaH^apTHbiii bh^: 
dfiu — diag (+1, — 1, — 1, — 1)^^ . Ilo noBTopfliomHMca TensopHbiM HH^eKcaM cyMMHpoBaHne Bcer^a npoBOflHTca c 
y^eTOM 3HaKOB. HanpHMep, CKajiapnoe npoHSBe^eHne 6y;ieT sanncbiBaTbCfl xax 

ah = a^b^, = g^^ K = ao feo - ai bi - 02 62 - 03 ^3 • 
IIpoHSBOflHbie no npocTpaHCTBeHHO-BpeMeHHbiM KOopflHHaTaM o6o3HaT^aiOTca chmbojiom 9^ : 

— \ dxo I dxi 8X2 0X3 ) fj, ' 

T. e. HH^eKC y npoHSBO^Hoii, xax h Bce HH^eKCbi, ABjiaeTca KOHTpaBapnaHTHbiM. 

^jifl coKpameHHfl o6o3Ha^eHHii BBe^jen chmboji aHTHCHMMeTpnsaiiHH BH^a ^^''1 . Oh osnaHaeT, ^to no 6jiH}KaHmHM 
cjie^iyioniHM 3a hhm HH^eKcaM fi vi v npoBO^jHTca aHTHCHMMeTpH3an,Hfl. HanpnMep, Tensop sjieKTpoMarnHTnoro 
nojifl sanncbiBaeTCfl xax F^^ — d^^A^ — d^A^ — 1^"! 2 d^^A^ . 

OnepaTop ^ajiaM6epa sa^aeTca (JjopMyjion: — d^d^, . 

npeo6pa30BaHHe 'Jypbe nneeT Bcro^y bh^: 

m = I d*x 6+*'=- ^{x) , ^(x) =J^ e-^^^ m • (1) 
CncTeMa eflnnnij BCiOfly TaxoBa, ^to h = c = 1 . 



3. HHBapHaHTHBiii raMHJiBTOHOB (J)opMajiH3M. B pa6oTax [2||Sl|2j 6biJio noKa3aHO, ^to 6a30BbiM nonaTHflM 
raMHjibTOHOBa (JjopMajinsMa (a HMenno, (JjaaoBOMy npocTpancTBy n CHMnjieKTHnecKon CTpyxType na neM) mojkho 
npnflaTb pejiflTHBHCTCKH HHBapnaHTHbiH CMbicji. TaM }Ke 6bijiH nojiynenbi (jaopMyjibi ^jia CHMnjieKTH^ecKoii CTpyxTypbi 
HaH6ojiee BajKHbix cncTeM (b KOopflnnaTnoM npe^CTaBjiennn) . Tgm caMbiM 6bijia aajioJKena ocnoBa cxeMbi, KOTopyio 
MOJKHO nasBaTb HHBapnaHTHbiM raMHJibTOHOBbiM (J)opMajiH3MOM. no;i,po6Hoe H3JiO}KeHHe HMeeTca B opnrnnajibHbix 
o63opax lllj . Bonpoc 06 SKBHBajienTnocTn 3Toro no^xo^a n o6binHOH raMnjibTonoBoii MexannKn b cjiynae 
CHCTeM CO CBflBHMH o6cy>Kflajicfl TaxjKe b |12j . 

3flecb fl nanoMHio, OflnaKO, neKOTopbie ocnoBHbie noHHTHH. 9to nyjKno ^Jia Toro, ^To6bi bbgcth namn coGcTBennbie 
o6o3HaneHHfl. 

IlycTb nojie (pi{x) onncbiBaeTca jiarpan^KHanoM L(iy9i, . JlarpanjKHan mm a^ecb 6yfleM CTHTaTb sabncamnM 

TOJibKO OT caMHx nojieBMx nepeMennbix (pi n nx nponaBO^HMx^ , n ne saBHCsnnHM ot to^kh x . Kpone Toro, mm 
6yfleM HMGTb flfijio TOJibKO c jinnenHMMH nojiHMn, n jiarpanjKHan 6yfleT c^HTaTbca KBaflpaTHnnoii (jaynKiinen. 

npHHn,Hn nanMenbrnero ^leiicTBHfl npnBO^iHT k ypaBnennaM 9HJiepa-JlarpaHJKa: 



d.T^TT^^O. (2) 



HnBapnanTHoe (JjaaoBoe npocTpancTBO Z onpeflejiaeTCfl xax mho^kgctbo Bcex ^yuKUfm^ ipi , KOTopbie yflOBjieTBopaiOT 
ypaBnennflM J^J. HocKOJibKy mm npe^nojiaraeM ypaBnenne ^ jinnennbiM, npocTpancTBO Z o6jiaflaeT ecTecTBennoii 
jinnenHOH CTpyKTypoii. 

9jieMeHTbi npocTpancTBa Z 6yfleM oGoana^aTb no^nepKnyTbiMn naGopaMn chmbojiob, nanpnMep, c G Z . <I>yHKi];HH 
na 3T0M npocTpancTBe 6yfleM aanncMBaTb xax /- . HanpnMep, Bna^enne (jjynKiinn ip , OTBeHaiomeii sjieMeniy 
c , B TO^^Ke X 3anncbiBaeTCH xax ip{x)- . 

Mm 6y^eM, xax npabnjio, OTOJK^ecTBJiaTb ajieMenTM xacaTejibnoro paccjioennfl TZ c sjieMenTaMn caMoro Z . 
EcjiH, oflnaKO, neo6xoflHMO yxaaaTb, hto KacaTejibnbiii BexTop c npnjiojKen b to^kg b € Z , to mojkho ero 
sanncaxb xax c [b] . 9jieMenTbi KOxacaTejibnoro paccjioenna T*Z 6yflyT, anajiornHHO, OTOJK^ecTBjiflTbCfl c sjieMenTaMn 



^HaM s^ecB ^ocTaTOHHO 6y^eT orpannHHTbCH jiarpaH^KHanaMH, saBHCHmHMH tojtbko ot npoHSBO^HBix nepBoro nopa^Ka. B o6ii];eM 
cjiyiae mojkho paccMaTpHBaTb h jiarpaHjKHaHBi c BBicmHMH npoHSBOflHBiMH 1121 . 

'^ToHHee, Gy^GM noKa CHHTaTB, hto penB h^gt o rjia^KHx (J)yHKi];H5ix. KpoMe Toro, 6y^eM CHHTaTB, hto 9th (J)yHKL(HH otjihhhbi ot 
Hyjia TOJIBKO Ha MHoacecTBe, nepeceieHHe KOToporo c jiio6oii npocTpaHCTBeHHO-nofloSHoli hjiockoctbio orpaHHieHO. B CTaTBe [VI] mbi 
o6cyflHM Bonpoc o ecTecTBenHoft Tonojiornn npocTpancTBa Z . 
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conpfljKeHHoro npocTpancTBa Z* . ^H4)(J)epeHLi,Hajibi jiHHeiiHbix (jjyHKiiHH npn stom OTOJK^ecTBJiaroTca c caMHMH 
4)yHKLi,HflMH, T. 6. BMecTO df nHHieM npocTo: / . 

Ha HHEapnaHTHOM (J)a30B0M npocTpancTBe Z , Tax >Ke, xax h na oGmhhom, HMeeTca CHMnjieKTHHecKaa CTpyxTypa uj 



dL 

uj= I dfff, djf,{x) , r^e Sjf,{x) = r A ipi . (3) 



s 



IlHTerpHpoBaHHe Be^eTca no jiio6oii npocTpancTBeHHO-nofloGHoii rnnepnoBepxHOCTH E , ne cjihiiikom njioxo Be^ymeii 
ce6fl Ha 6ecK0HeHH0CTH. 2-(J)opMa HasMBaeTca CHMnjieKTH^ecKHM tokom. IlocKOJibKy CHMnjieKTHHecKnii tok 
coxpaHfleTCfl, peayjiBTaT ot Bbi6opa noBepxHOCTH S ne saBHCHT. 

HpoHSBOJi B Bbi6ope jiarpaHJKHaHa h BOSHHKaiomaa OTCio^a Heo^nosHa^HOCTb CHMnjieKTHHecKoii CTpyxTypbi 6y^yT 
paccMOTpeHbi B CTaTbe [II]. B pasyMHOM CMbicjie mojkho cxaaaTb, hto Heo^HOSHa^HOCTb b Bbi6ope jiarpaHJKHana 
He BjiHfleT Ha CHMnjieKTH^ecKyio CTpyxTypy. 

CnMOJieKTHHecKaa CTpyxTypa uj , Kax o6biHHO |13) . sa^aeT h30mop4)h3m / : T*Z TZ KOKacaTejibHoro T*Z 
H KacaTejibHoro TZ paccjioenHii^ . Oh conocTaBJiHeT npoHSBOJibHoii l-dpopme I- € T*Z KacaTejibHbin BexTop 
n € TZ TaKoii, ^to ^jia jiio6oro KacaTejibHoro BeKTopa c e TZ BbinojiHseTCfl paBencTBo: 

uj^'ii = l^. (4) 

EcjiH (J)opMa I- HBjifleTCfl flH(|)(J)epeHLi;HajiOM HeKOTopoii (JjynKijHH g- , t. e. I- — dg- , to mm roBopHM, hto g- 
HBjifleTca renepaTopoM BexTopnoro hojih U — I da . 

CKo6Ka HyaccoHa ^Byx (J)yHKLi,HH /- h g- onpe^ejiaeTCii paBencTBOM: 

= (5) 
EcjiH }Ke (J)yHKLi;HH /- H g- jiHHeiiHbi, to 3T0 onpe^ejieHHe mojkho sanncaTb npocTO Kax: 

{f,9}^f^- (6) 

3flecb HaM floCTaTO^HO 6yfleT orpaHHHHTbca BemecTBennbiMH hojihmh, nosTOMy npocTpancTBO Z 6yfleT BemecTBennbiM 
jiHHeiiHbiM npocTpancTBOM. OflnaKO, OKasbiBaeTCfl nojiesHbiM paccMaTpHBaTb KOMnjieKCHbie (jjyHKiiHH na 4)a30BOM 
npocTpancTBe. Hx ^HcjscjjepeHiiHajibi npnnafljiejKaT KOMnjieKCHcjsHiiHpoBaHHOMy conpajKenHOMy npocTpancTBy. Ho 
SToii npH^HHe bmbcto npocTpancTBa Z* , mm 6y;ieM Bcer^a HcnojibsOBaTb ero KOMnjieKcncjjHKaiiHK) Z^ . KpoMe 
Toro, npH onpe^ejieHHH cko6kh HyaccoHa KOMnjieKCHMx (jayHKiinii no (J)opMyjie J^l npnxo^HTca paccMaTpHBaTb 
KOMnjieKCHbie BeKTopM I dg . 3Toro mojkho 6biJio 6bi H36e}KaTb, onpe^ejinB cko6kh IlyaccoHa necKOJibKO 6ojiee 
a6cTpaKTHo"'. 

4. CKajiapHoe nojie. PaccMOTpnM CKajiapnoe nojie. Ero jiarpaHJKnan TaxoB: 

ypaBHenne ^BHJKenHfl ^ npnnnMaeT Bvifl, (ypaBHenne Kjienna-'JoKa-rop^OHa): 

{d^+m^)(p = 0. (7) 

CnMnjieKTHnecKaa CTpyxTypa (pj na nnBapnanTHOM (jjasoBOM npocTpancTBe Z^'^'^^ b KOop^HHaTHOM npeflCTaBJieHHH 
HMeeT BHfl (yKasaHHMH eme b 0): 

= y dai, d^(p A (p . (8) 
s 



^CTpOrO rOBOpii, O TaKOM H30M0p(J)H3Me MO>KHO rOBOpHTB TOJTBKO nOCJIG o6cy:aC^eHH5I TOnOJIOrHH HHBapnaHTHoro (j3^30Boro 

npocTpaHCTBa. Be3 TaKoro oScyjKfleHHa flajKe noHaxHe KOKacaTejiBHoro paccjioeHHa He hmbbt acHoro CMBicjia. Ho npHiHHaM, 
o6'BacHeHHBiM B „ Bbo^hbix saMGHaHHax" o6cy>K^eHHe 9Toro Bonpoca flJia cjiynaa pejiaTHBHCTCKHx nojieft mbi ocTaBjiaeM CTaTBH 
[VI]. 

TaK:a<:e cjie^yeT hmgtb b BH^y, hto ynoTpe6ji5ieMBie s^ecB BejiHHHHbi Tnna f{x) npn BBe^enHH Ha^JieiKameft TonojiornH OKasBiBaiOTCH 
He npHHaflJie:acaiD;HMH KOKacaTejiBHOMy paccjioeHHio 4)a30Boro npocTpancTBa. Btot ne^ocTaTOK jierKO ycTpannivi, ho o6cy:a<:fleHH5i 
TonojiorHH MM npe^noHHTaeM npocTO ne oGpamaTb na nero BHHMaHHH. 

'*KoMnjieKCH4)HKai];H5i Z npe^CTaBjiJieTCii He:a<:ejiaTejiBHOH, t. k. 9to npocTpancTBO Mo:a<:HO paccMaTpnBaTB KaK MHo:»cecTBO 
^uauHccKux cocToaHHH, cymecTByiomHx b npHpo^e. HpocTpaHCTBO npn 3tom Mo:acHO paccMaTpHBaTb KaK MHo:acecTBO 

MameMamuHecKUX bgjihhhh, HcnojiBsyeiviBix ^jih onncaHHii (J)H3HHecKHx coctohhhh. 
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CoBepniHM Tenepb npeo6pa30BaHHe "lypbe 4)yHKLi,HH ip{x) no (|)opMyjiaM l|T]l . IIocKOJibKy (|)yHKUHg f{x) y^OBJieTBopaeT 
ypaBHeHHK) Q, ee 4)ypbe-o6pa3 ip{k) mojkho npe^CTaBHTb b BH^e: 

^(fc) = 27r(5(fc2 -m^) •a(fc) , (9) 

r^e a{k) — o6biHHafl 4)yHKLi,Hfl, 3a;iaHHafl na MaccoBoii noBepxHOCTH k'^ — . 
npeo6pa3yfl Tenepb CHMnjieKTH^ecKyio CTpyxTypy ^ b (Jiypbe-npeflCTaBjieHne, HMeeM: 

d^im ■ ie{k) ■ a{~k)-a{k)- , r^e d^,„ = -— j • 27r - m^) . (10) 

(271')'* 

Ilofl 3HaK0M HHTerpajia ctoht o6biHHoe npoH3BefleHHe®. noflpa3yMeBaeTCfl, ^to b npaBoii ^acTH (jjopMyjibi apryMenTbi 
no^ICTaBJifliOTca b tom >Ke nopfl^Ke, b KOTopoM ohh cjie^iyiOT cjieBa. 

HTo6bi Tenepb BbmncjinTb CKo6Ky Xlyaccona ^Byx nojieBbix Bejinnnn { i^(fc) , (p{k')} , corjiacno (jaopMyjie lO, 
paccMOTpHM BeKTop I(p(k') . Hs 4)opMyji I^J n ljlfl|l nneeM, hto ^jih jiio6oro BexTopa c : 

dfi„, -ieik) ■ a{-k)^a{k)i^^ = ^(/c')- • 

Hcnojibsya jinnennyio nesaBHCHMOCTb (jjopMbi a{k)- npn pasjin^nbix k , fc^ = to^ , a TaKJKe onpeflejienne stoh 
4)opMbi OTCio^ia nojiynaeM, hto BexTop lip(k') xapaKTepH3yeTCH cooTHomenneM: 

a{k)i^^^ = -isik) ■ {2TTfS{k + k') . 
OTcro^a, no (jjopMyjie , ncKOMaa CKo6Ka HyaccoHa paBna: 

{lp{k),^{k')}^-\ie{k)-2n6{k'^-m^)] ■ {2n)^6{k + k') . (11) 

Hnorfla 6biBaeT nojiesno HMeTb anajiornnnoe cooTHomeHne b KOop^nnaTHOM npeflCTaBjiennn. HTo6bi ero noJIy^^HTb, 
nyjKHO B (J)opMyjie ljll|l coBepniHTb npeo6pa30BaHHe "lypbe no nepeMennbiM k n k' : 

{ (p{x) , (p{x') } = -Dyn(x - x') . 

S^ecb 4)yHKn,HH Dm{y) HMeeT bh^: 

Dmiy)^ I ^e-^'^y-[zs{k)-2nS{k'-m')] . (12) 

5. „ •l»H3HHecKoe" sjieKTpoMarHHTHoe nojie. Bbi6epeM jiarpanjKHan sjieKTpoMarnHTnoro nojia KajiH6poBO^- 

HO-HHBapnaHTHblM I 

L = ^^F^,F^, = - [^"^1 d^,A, d^A, , r^e F^, = I'^'^l 2 d^,A, . (13) 
ypaBnenne ^BHJKenHfl ^ npHnnnaeT bh;i (BTopoe ypaBnenne MaKCBejiJia): 

d^F^, = . (14) 

Ilofl HHBapnaHTHbiM 4)a30BbiM npocTpaHCTBOM ZP*^^^ B ^annoM cjiy^ae yflo6HO nonnMaTb MnojKecTBO (J)yHKn,HH 
Ffivix) , yflOBjieTBopfliomHx ypaBnennio Ijl4ll . Xlpn stom snanenne BeKTopnoro noTeniiHajia A^^ b flannoH TonKe x 
ne aBjiHeTCH xopomo onpeflejiennoii 4)yHKLi;HeH na Zp'^^'^ : sanncb Bn^a ylp(a;)- ne HMeeT CMbicjia, noKa ne yKasano, 
KaKafl KajiH6poBKa HMeeTca b Bn^y. Ho SToii npn^nne nnKaKoii o;iH03HanHOH (jaopMyjibi jiJia cko6ok Xlyaccona ot 
BeKTopnoro noTenn,Hajia nanncaTb nejib3fl. 

CnMnjieKTHnecKaa CTpyxTypa ^ b ^annoM cjiynae nneeT bh^ (yKasannbiii eme b |8lll0jl: 

da^, F^^ A A^ . (15) 



E 



'Ecjih BBecTH o6o3Ha'ieHHe rf/^m = rf/^m ■S(k) , TO cJjopMyjiy 1101 M05KH0 nepenHcaTb h b TepMHHax BHeiuHero npoHSBSfleHHa (jjopM: 
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3flecb yMecTHO OTMeTHTb, HTO xoTH (jjopMa ui BbipajKena Hepes KajiH6poBOHHO-HeHHBapHaHTHyK) BejiHHHHy , 
cana ona, paayMeeTca, KajiH6poBOHHO-HHBapHaHTHa. 

BbiSepeM Tenepb BeKTopHbiii noTeHLi;Haji A^^ Tax, ^To6bi oh yflOBjieTBopaji ycjiOBHio Jlopeniia d^A^, — . IlpH 
9T0M, corjiacHO ypaBHenHio l|14|l . oh 6yfleT y^OBjieTBopaTb ypaBneHHio /IajiaM6epa: d^A^ = . Pa3o6beM BbipajKeHne 
Ha flBa cjiaraeMbix: 

u) ^ - j da^ df^Ay A A„ + J da^ di,A^ A A^ . 

E E 

BTopoii H3 3THX flByx HHTerpajiOB paBen nyjiio. B stom mo>kho y6eflHTbCfl cjie^yiomHM o6pa30M. Bo-nepBbix, h3 
ycjiOBHfl Jlopenija h anTHCHMMeTpHH BHeniHero yMHOHcenHfl cjie^yeT, hto no^biHTerpajibnoe Bbipa>KeHHe aBJiHeTca 
coxpanaioinHMCfl tokom: d^{di,Af^ A A^) — . IlosTOMy bo BTopoM HHTerpajie, nesaBHCHMO ot nepBoro, mojkho 
nepeiiTH ot HHTerpHpoBanHfl no noBepxHOCTH S k HHTerpHpoBaHHio no noBepxnocTn t = . IlojiyHaeM HHTerpaji: 

d^x dt^Ao A A^ . 

Bcjie^CTBHe ycjiOBna JlopeHija ero mojkho nepenncaTb Tax: 

d^xd^{AoAA^) . 



Ho Aq A Aq = . HosTOMy cyMMnpoBanne no HH^eKcy v mojkho (JjaKTn^ecKn npoBO^HTb jinnib ot 1 ;io 3 . 
HojiyHaeM: 

d^xdn{AoAAn) . 



3to HHTerpaji ot flHBepreHn,HH TpexMepnoro BexTopa Aq A An . Ho TeopeMe OcTporpaflCKoro-Faycca, on paBen 
noTOKy 3Toro BexTopa ^epes yflajieHHyio ^ByMepnyio saMKnyTyio noBepxHOCTb. 9tot noTOK paBen nyjiio, nocKOJibKy 
BeKTopnbiii noTeniinaji npeflnojiaraeTca Bbi6pannbiM Tax, HTo6bi on Tan o6pairi;ajica b nyjib. 

TaKnM o6pa30M, npn Bbinojinennn ycjiOBHfl JIopenn,a d^A,y — , cnMnjieKTHHecKaa CTpyxTypa Ijl5|l MOJKeT 6biTb 
sanncana b BH^e: 

daf, df,A^ A A^ . (16) 



E 

npoH3BefleM Tenepb na^ 4)ynKn,naMn Af^{x) ii F^^{x) npeo6pa30Banne "typbe ((T)l. Tonno Tax ace. KaK b cjiy^ae 
CKajiapnoro nojia, npe^CTaBnM sth (|)ypbe-o6pa3bi b Bn^e: 

S^ecb a^{k) n f^^vik) — o6bnnbie (J)yHKD,HH, sa^annbie na CBeTOBOM Konyce fc^ = . 
CnMnjieKTHHecKaa CTpyxTypa b (J)ypbe-npeflCTaBjiennn npnnnnaeT Bn/;^: 

uj-'- = — j dfXm ■ i£{k) ■ a„{—k)-a^{k)- . (17) 

•JopMyjibi Ijl6|l n (I17|l Bnemne o^enb noxojKH na cooTBeTCTByronine (jjopMyjibi Q h Ijl0|l fljia CKajiapnoro nojia. 
Townee, ohh Bbirjia^aT Tax ace, xax (jaopMyjibi ^jia cnMnjieKTHHecKoii CTpyxTypbi ^eTbipex CKajiapnbix nojieii. 
Cjie^yeT, o^naKO, nneTb b supy, hto HHBapnaHTnoe (JjaaoBoe npocTpancTBO Z^^^^ , BBe^ennoe b stom nynxTe, ne 
aBJiaeTca npaMoii cyMMoii nnBapnanTHbix 4)a30Bbix npocTpancTB HeTbipex CKajiapnbix nojieii. Ho SToii npn^Hne, 
KaK yjKe OTMeHajiocb, CKo6Ky Hyaccona ^jia BeKTopnoro noTeHD,Hajia Bbi^ncjiHTb nejibsa. 

PaccMOTpnM Tenepb, ksk ycTpoeno npocTpancTBO Z^^^^ b (jaypbe-npeflCTaBjiennn. 9to npocTpancTBO mojkho 
paccMaTpnBaTb ksk MHoacecTBO (jayHKiinii a^iik) na CBeTOBOM Konyce A:^ = , yflOBjieTBopaiomnx ycjiOBHio 
JIopenn,a — ifc^ap(fc) = h paccMaTpnBaeMbix c TOHHOCTbro ^o KajiH6poBOHHoro npeoGpasoBaHna: 

a^ (fc) a^(fc) - i fcp A(/c) . 

OTCiOfla, n3 4)opMyjibi II17|I . o^eBH^na neBbipoac^ennocTb cnMnjieKTHHecKoii CTpyKTypbi na npocTpancTBe Z'^^'^^ . 

Tenepb acno, ^^to xoTa n nejib3a Bbi^^ncjiHTb CKo6Kn Hyaccona ^Jia KOMnonenT BeKTopnoro noTenn,najia, MOJKno 
BbnncjiHTb cko6kh { F^p{k) , Fyfj{k') } n { Fpp{x) , F^^{x') } . 9Ty sa^a^y mm, o^naKO, otjiojkhm ^o nvnKTa ITTl 



B TepMHHax BHeniHero HpoHSBe^enHH ee Mo:acHO sanncaTB Tax: 
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6. ^o6aBKa reiiseHGepra-IIayjiH. IIpH o6cy>KfleHHH KBaHTOBoii TeopHH sjiexTpoMarHHTHoro nojia co BpeMen 
pa6oTbi reii3eH6epra h IlayjiH jl4j jiarpanjKHaH (1 1811 npHHSTO BH^OHSMeHHTb, ^oGaBJiaa k neMy ^lonojiHHTejibHbiii 
^jien I (df^A^)^ . /^Jia TaKoro mara b coBpeMeHHbix yHe6HHKax ^aeTca MHOJKecTBO pasjiHHHbix „ o6'bflCHeHHH" . B 
ocHOBHOM OHH ^ejiflTCfl Ha flfia Kjiacca. 

K nepBOMy KJiaccy OTHOCflTca „ o6T3flCHeHHa", anejiJinpyroniHe k (J)opMajibHbiM Tpy^iHOCTHM nocTpoeHHH raMHJibTOHOBa 
4)opMajiH3Ma H OTCJiejKHBaHHfl pejiaTHBHCTCKoii HHBapHaHTHOCTH. KaK 6biJio noKaaano b nynxTe |3 ecjiH TyT h 
HMejiHCb KaKHe-TO TpyflHOCTH, TO c nocTpoeHHeM nHBapnaHTHoro raMHjibTOHOBa 4)opMajiH3Ma ohh HCTesaiOT. 

Ko BTopoMy Kjiaccy OTHOCflTca „ o6'bacHeHHfl" , Tax hjih vmane anejiJinpyioiuHe k KBaHTOBofi TeopHH. Hama GjiHJKaiiniafl 
sa^aHa — o6'bHCHHTb, HTO HpH^HHbi MOflHcjjHKaiiHH jiarpaHJKHaHa npHcyTCTByiOT yjKe B TeopHH KJiaCCHHeCKOii. 

Ha HepBbiii Bsrjia/i, flo6aBKa | (S^A^)^ hphbo^ht tojibko k (jjHKcaiiHH KajiH6poBKH: ecjiH ycjiOBne Jlopenija 
BbiHOJiHHjiocb B HpoHijioM, TO OHO 6yfleT BbiHOJiHflTbCfl H B 6yflyiri;eM. B fleiicTBHTejibHOCTH me HMeeTca h 6ojiee 
rjiy6oKoe cjieflCTBne: npn nocTpoennH Teopnn pacceanHfl h Teopnn BOSMymeHHii noflBjiHeTca bosmo^khoctb H36aBHTbCfl 
OT TaKoii 4)HKLi,HH, KaK pa3;iejieHHe nojia na „ co6cTBeHHoe" nojie ^acTHu, h na „ HSJiy^eHHe" . 

/JeiicTBHTejibHO, na npaKTHKe OKasbiBaeTca neBOSMOJKHbiM peniHTb flHHaMHHecKyio sa^a^y tohho. IloaTOMy BHa^ajie 
BbiHHCJifleTCfl KaKoe-jiH6o „nepBoe npH6jiHJKeHHe", a k neny yjKe flajiee BbiHHCJiaiOTCfl „ paflnaiiHOHHbie nonpaB- 
kh". HTo6bi y^ecTb pa^HaiiHOHHyio OTfla^^y, npHxo^HTCfl Ten hjih khmm choco6om ^ejiHTb HOJie na „ co6cTBeHHoe" 
H „paflHan,HOHHoe". C^ejiaTb sto Boojine KoppeKTHO, o^HaKO, HeBOSMOJKHO ^a>Ke b HpocTeiiniHx cjiynaax. 3to 
He y^HBHTejibHO, HOCKOJibKy B caMOM jiarpaHJKeBOM 4)opMajiH3Me HHKaKoro HaMBKa na TaKoe pas^iejienne ne 
co^epjKHTCfl. 

Mo>KHO, OflHaKO, noflxoflHTb k 3afla^^aM pacceanHH nnaHe. PaccMOTpHM ^jih npHMepa paccesHHe ^Byx ^acTHu;, 
BsaHMOfleiicTByiomHx flpyr c ^pyroM nocpe^CTBOM sjieKTpoMarHHTHoro nojia. By^en HCxo^iHTb h3 KaKOH-HH6yflb 
HaHBHOH MexaHHHecKoii anajiorHH: CKajKen, flByx TajKejibix mapHKOB, CKOJib3flLLi,Hx no rjia^KOH ynpyroii MeM6paHe. 
9jieKTpoMarHHTHOMy nojiio npn stom cooTBeTCTByeT fle(J)opMHpoBaHHaa MeM6paHa. 

EcjiH He flejiHTb HOJie na coBcTBennoe h paflHaijHOHHoe, npHxoflHTCH c^HTaTb, hto Bce nojie ^acTHijaMH „co3flaeTCfl". 

HT06bI 3TO KaK-TO (J)0pMajIH30BaTb, HyjKHO BBeCTH npOIje^ypy BKJIKl^eHHfl H BblKJIIQT^eHHfl B3aHMO;ieiiCTBHfl. 

Ilpoiiecc paccesHHa ^^acTHLi; h sjieKTpoMarnHTHoro nojia 6yfleT npn 3tom onncbiBaTbca TaK: 

1 . B ^ajieKOM npomjiOM ^^acTHiibi sBjiaiOTca cboGo^hmmh h c nojien ne BsanMOfleiicTByiOT. IlpHcyTCTByeT TaKJKe 
CBo6oflHoe nojie, naxoflflineeca flajieKO ot HacTHn;. 

2. 3aTeM, noKa ^acTHiibi eme ^ajieKO Apyr ot ^pyra, BsanMOfleiicTBHe c sjieKTpoMarHHTHbiM nojien a^naGaTH^ecKH 
BKJiHDHaeTca. HacTHijbi npn stom o6jiaHaK)TCfl b co6cTBeHHoe nojie. 

3. Ilocjie Toro, KaK B3aHM0fleHCTBHe nojiHOCTbio BKJiroHeno, HacTHiibi (h nojie) no^jieTaiOT APyr k flpyry 6jih3ko, 

B3aHMOfleHCTByiOT H CHOBa pa3JieTaK)TCfl. 

4. Kor^a ohh ^ocTaTOHHO ^jajieKO pa3JieTflTca, B3aHM0^eHCTBHe a^Ha6aTHHecKH BbiKJiiOHaeTca. 

5. Ilocjie SToro ocTaroTca rojibie ^acTHH,bi, b OKpecTHOCTH KOTopbix HHKaKoro nojia neT, h CBo6o;iHoe nojie, c 
HacTHD;aMH ne CBa3aHHoe. 

y mapHKOB, CKOJibSflmHx no ynpyroii MeM6paHe, BKjiioneHHe n BbiKjiro^enne BsanMOflencTBHa ocymecTBjiaeTca 
o^eBHflHbiM o6pa30M: nyjKno bkjuo^htb h BbiKjiio^HTb rpaBHTaiinonnoe nojie. B cjiynae see sjieKTpoMarnnTHoro 
nojia TaK npocTO nocTynnTb Hejib3a. PaccMOTpnM, nanpHMep, BsanMO^ieiicTBHe sjieKTpoMarnnTHOro nojia Af^{x) 
c sa^annbiM tokom Jii{x) . JlarpaHJKnan b stom cjiy^ae nneeT bh;;: 

L = -lF^,F^,-a Af, . (18) 

3flecb a{x) — (jsynKiina, BKjiio^aiomafl n BbiKjiio^aiomafl BsanMOfleiicTBHe. B flajibHeiinieM, nTo6bi (jsopMyjibi 
sanncbiBajiHCb Kopone, mm 6yfleM ncnojibsOBaTb o6o3HaHeHHe: 

J^ix) =a{x)J^{x) . 

H3 jiarpaHJKnana Ijl8|l BbiTeKaeT ypaBHenne flBHiKenna: 

df^F^, = J: . (19) 

XlpHMenaa Tenepb k o6eHM nacTaM onepaiinio , yGejK^aeMca, hto npn d^J^^O ypaBnenne Ijl9|l pemenHii ne 
HMeeT. TaKHM o6pa30M, B3aHM0fleHCTBHe BKjiionnTb n BbiKjiio^HTb neBOSMOJKno. 
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EcjiH }Ke K jiarpaHJKHaHy ^o6aBHTb HJien | (9^j4^)^ , to ecTb nepeiiTH k jiarpaHJKHany 
TO ypaBHeHHe ^BHJKeHHfl npHHHMaeT bh^: 

^^,F^, - s d,d,,At. = , (20) 
H pemeHHe ^^^(a:) Jierxo OTbiCKHBaeTca ^Jia jiio6oh 4)yHKLi;HH a (a;) . 

^ajiee mm 6y;ieM BCio^iy nojiaraTb s — —1 . IIpH stom ypaBHenne Ij2()|l npHHHMaeT oco6eHHO npocToii bh;;: 

d^A, = . (21) 

Ero pemeHHe — sto noTeHijHaji Jlnenapa-EHxepTa. Ilo 3toh HpH^^HHe yKasannyio „ KajinGpoBxy" cjie^OBajio 6bi 
HasBaTb KajiH6poBKOH Jlnenapa-EHxepTa. B KBanTOBoii sjieKTpo^HHaMHKe ona, oflnaKO, nasbiBaeTCfl KajiH6poBKOH 
•JeiiHMaHa. 

EcjiH OT o6eHx HacTeii ypaBnenHfl Il21|l bsatb ^eTbipexMepnyro ^HBepreHH,HK), HOJiyHHM ypaBHenne: 

OTCiofla neTpyflHO noxasaTb, hto ecjiH BsaHMOfleiicTBHe BKjiio^aeTCfl a^naGaTH^ecKH, h ycjiOBne JIopeHija di,Ai, — 
BbinojiHfljiocb B flajieKOM npomjiOM, to oho ocTaneTCfl HeHapymenHbiM Bciofly. 

OTcro^a TaKJKe cjie^iyeT, ^to ^onojiHHTejibHbiii ^^jien ^ (S^A^J^ b jiarpaHJKHane 6y^eT bhochtb nyjieBoii BKJia^ b 
BapHaLtHio fleiicTBHfl. XlosTOMy b Toii o6jiacTH, r^e BsanMOfleiicTBHe nojiHOCTbio BKjiio^eHO, cncTeMa h3 ^acTHE; h 
nojifl 6yfleT y^OBjieTBopaTb TeM see ypaBHeHHAM, hto h cncTeMa 6e3 flo6aBKH b jiarpaHJKnaHe. 

TaKHM o6pa30M, BBe^eHne b jiarpanjKHaH ^onojiHHTejibHoro HJiena ne MenaeT b cymecTBenHOM xapTHHy pacceaHHa. 
Ho npH 3T0M OTna^iaeT Heo6xo;iHMOCTb BbiflejisiTb KaKHM-jiH6o cnoco6oM „ co6cTBeHHoe" nojie HacTnn, h noflBJiaeTCfl 
B03M0>KH0CTb fljifl nocTpoeHHfl jiOKajibHoii TeopHH B03Myiri;eHHH. 

CeiiHac npe^CTaBJifleTca saTpy^HHTejibHbiM cxasaTb, nacKOJibKO ^ajieKO mo>kho npo^BHHyTbca b nocTpoennH TeopHH 
B03MynieHHH fljia KJiaccHHecKoii sjieKTpo^HnaMHKH. ilcHO tojibko, ^to 6e3 BBe^jenHfl flonojiHHTejiBHoro ^^jiena b 
jiarpaHJKHan CHTyaD,Hfl 6biJia 6bi coBepmeHHO 6e3HaflejKHOH. 



7. „ He(J)H3HHecKoe" sjieKTpoMarHHTHoe nojie. PaccMOTpHM Tenepb CHOBa CBo6oflHoe ajiexTpoMarnHTHoe 
HOJie, HO B ero jiarpaHJKHan yjKe cpa3y bkjiiohhm flo6aBKy — i (i9^^^)^ . JlarpaHJKHan Tor^a mo>kho HepenncaTb 
B cjie^yiomeM BH^e: 

^ ~ ^ \ ^fj-f ^fj-f ~ 5 {dfj.Afj^)'^ — — ^ d^Ajy d^Ajy + ^ dfj^{Ai, duA^ — d^A^) . 

KaK 6yfleT noKasano b CTaTbe [II], ^rjieH, HBJiaioniHHCfl hojihoh flHBepreHn;HeH, mojkho OT6pocHTb. Ilocjie SToro 
jiarpaHJKHan npHHHMaeT 3aMenaTejibH0 npocToii bh^: 

L = — ^ df^Au d^A^ , 

T. e. OH no cyTH HBjiHeTCH jiarpanjKHaHOM ^reTbipex CKajiapnbix nojieii^ c m = , paccMOTpennbix b nynxTe 21 
ypaBHenne ^BHJKennfl HMeeT bh^: 

d'^A^ - . 

HnBapnanTHoe 4)a30Boe npocTpancTBO Tenepb aBjiaeTca npHMoii cyMMoii neTbipex (|)a30Bbix npocTpancTB CKajiapHbix 
nojieii. 06o3HanHM ero xax Z'^ . CnMnjieKTHnecKaH CTpyxTypa b KOop^nnaTHOM n (jsypbe-npe^CTaBJiennax ^aeTCfl 
(J)opMyjiaMn: 

daf, df,A^ A A^ . (22) 



w-'- = — / dfim ■ i £{k) ■ ai,{—k)- a^{k)- . (23) 



HjiGH, OTBenaiomHH nojiio c hh^gkcom u = ^ bxo^ht c OTpHi^aTejitHbiM snaKOM. 
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•JopMyjibi Ij22|l H II28II Bbirjia^flT to^^ho tek see, kek cooTBeTCTByiomHe (J)opMyjibi h3 nyHKTa[3 OflnaKO, pa3HHLi,a 
B co^iepjKaHHH 3THX (jjopMyji cymecTBeHHa: Tenepb mm MOJKeM Bbi^^HCJiHTb CKo6Ky HyaccoHa fljia BeKTopnoro 
noTeniiHajia. B 4)ypbe-npeflCTaBjieHHH ona HMeeT bh^: 

{A^{k), A,{k')}=g^,- [ie{k) -271 S{k^)] ■{2^)H{k + k') . (24) 

B KOopflHHaTHOM npeflCTaBJieHHH: 

{A^{x),A,{x')}^g^,DQ{x-x'). (25) 
3flecb Do{y) — (J)yHKi];Ha Ijl2ll npn m = . B 3tom CJIy^^ae ee mojkho aanncaTb npocTO Kax: 

XlofleiicTByeM Tenepb na o6e ^acTH (J)opMyjibi Ij24ll chmbojiom ^'''^1 2 (— i fcp) ['^'^1 2 (— i k'^) . IlojiyHaeM (|)opMyjiy fljia 
cko6kh IlyaccoHa TeH3opa 3JieKTpoMarHHTHoro nojia b cjjypbe-npeflCTaBJieHHH: 



{i^A.p(fc),i^.a(fc')} = '^''"""'45p,fcpfc, • [ze(fc).27rJ(fc2)l • (27r)45(fc + A:') . 



(26) 



B KOopflHHaTHOM npeflCTaBjieHHH sto cooTHomeHHe nepenncbiBaeTCH Tax: 

{ F^pix) , F,,(x') } = - [^"1 ["-^l ig^, dp d^Doix - x') . (27) 
S^ecb o6e npoH3Bo;iHbie 6epyTCfl no nepeMennon 6e3 niTpnxa. 

OTMeTHM cpasy, hto 4)opMyjibi II26|I h Ij27|l coBnaflaiOT c 4)opMyjiaMH ^jih cko6ok IlyaccoHa „ (|)H3H^ecKoro" 
sjieKTpoMarHHTHoro nojia, ooHcannoro b nynxTeEl 9to 6yfleT flOKaaano b nvHKxe ITTl 



8. 3HeprHa sjieKTpocTaTHHecKoro nojia. B CTaTbe [III] oojiyHena (JjopMyjia, c noMom,bio KOTopoii mo>kho 
B paMKax HHBapHaHTHoro raMHJibTOHOBa 4)opMajiH3Ma nojiy^aTb renepaTopbi rpynnbi HyanKape. C ee noMonibio 
jierKO oojiyHaeM (JjopMyjiy fljia HMnyjibca „ necjjHBHHecKoro" sjieKTpoMarnnTHoro nojia: 



d^+j • k^ a* (k) ap(k) 



(28) 



H3 3Toii (J)opMyjibi BH^iHO, HTO 3HeprHfl „ He4)H3H^ecKoro" nojia ne ABJifleTCH nojiojKHTejibHO-onpe^ejieHHoii. Bojiee 
Toro, H3 SToii (jaopMyjibi cjie^yeT, hto aneprnfl, sanaceHHaa b sjieKTpocTaTHHecKOM nojie, cosflannoM CHCTeMoii 
neno^BHJKHbix sapfl^OB, Bcer^a ompuvflmejihHa. 

S^ecb Mbi o6cy^HM B03HHKmHii napa^OKC HyTb no^po6Hee. 9to nyjKHO c^ejiaTb noTOMy, ^^to oh o6bi^HO nenpaBHJibno 
TpaKTOBajica b panxax KeaHmoeou Teopnn (cm., nanpnMep, jlfilllTllTslllflj l. 

npo6jieMa OTpHiiaTejibHOCTH sneprHH „BpeMeHHbix" (J)otohob b KBaHTOBoii sjieKTpoflnnaMHKe 6bijia saneHena 

;iaBHO. CHHTajIOCb, HTO KBaHTOBaHHe B OpOCTpaHCTBe C HH;ie4)HHHTHbIM CKajIflpHbIM npOH3Be^eHHeM n03BOJIfleT 

nepeneHHTb 3HaK SToii sneprnH. H 3to paccMaTpnBajiocb xaK o^jnn h3 apryMBHTOB ^jia BBe^ennfl nn^iecjjHHHTHoro 
CKajiapHoro npoH3Be;ieHHa. Tax Ka3ajiocb noTOMy, hto npn HHfle(J)HHHTHOM CKajiapnoM npoH3Be^eHHH b KBaHTOBOM 
cjiyHae ne Bnojine acho, ^to cjie/iyeT nasbiBaTb aneprneii coctoahha: cpe^nee SHa^enne raMnjibTonnana hjih 
ero co6cTBeHHoe ^hcjio. 9Ta neflCHOCTb, Kone^HO, nponcxoflnjia ot Toro, hto, BO-nepBbix, OTcyTCTBOBajia flCHaa 
KOHiieniiHfl KBaHTOBannfl, a bg-btopbix, KjiaccHHecKafl Teopnfl ne 6bijia ccJ^opMyjinpoBana flOjiJKHbiM o6pa30M. 

H3 npoBe^ennoro paccMOTpenHfl, o^naKO, bh^iho, ^to o6cy>KflaeMafl sneprna doAotcua 6biTb OTpHn,aTejibHOH: TOJibKO 
Taxafl BejiH^nna npe^CTaBjifleTca ecTecTBenHon c tohkh spenna pejiflTHBHCTCKoii Teopnn. A HHfle4)HHHTnocTb 
MexpHKH B KBaHTOBOM cjiy^ae s^ecb BOo6iri;e hh npn hbm. 

Ctoht TaKJKe cpa3y CKa3aTb, ^to noHATHe BaxyyMa nojia mm bobcb ne CBa3biBaeM c MHHHMajibnocTbio sneprnn. 
y KJiaccn^ecKoro nojia BaxyyM — 3to npocTO nyjieBoii BexTop npocTpancTBa Z . IIoHflTHe jkb BaxyyMa nojia 
KBanTOBoro mm BBe^eM npn onncannn onepaijHH KBanTOBannfl b CTaTbe [VI]. 

KaK jKe 6biTb c nojiojKnTejibnocTbio 3JieKTpocTaTn^ecKOH 3neprnn, xopomo n3BecTnoH b o6bi^noH 3JieKTpocTaTHKe? 
^ejio B TOM, HTO B 3TO noHflTne Tpa^HiiHOHHO BKJia^biBaroT HHoii CMMCJi: no;i nnM no;ipa3yMeBaK)T pa6oTy, KOTopyro 
coBepniHT cncTBMa, Kor^a 3apa^bi pa3o6biOT na 6ecKoneHHO Majibie KycoHKH n Me^iJienHO pa3necyT 3th Kyco^^Kn 
flajieKO flpyr ot flpyra. <I>opMyjia JKe l|28ll ^aeT sneprnio, KOTopaa ocTaneTCfl y nojia, ecjin MrnoBenHO BbiKjiio^nTb 
ero BsanMOfleiicTBne c sapa^aMn. 
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Bojiee noflpo6HO stot Bonpoc mm s^ecb o6cy>K^aTb ne 6yfleM. SaneTHM jinnib hot ^^to. B sjiexTpocTaTHKe HMeeTca 
cjie^iyromaa 4)opMyjia ^jih sneprHH: 



MnOiKHTejIb ^ npH STOM 06bIHH0 o6'bflCHflIOT TeM, ^TO eCJIH HCnOJIbSOBaTb (J)OpMyjiy flJIfl SHeprHH BO BHeniHeM 

nojie, TO B3aHMHafl sneprHH jiio6bix flByx sjienenTOB sapa^a yHTeica ^BajK^bi. 

B paMKax jKe toh tgophh, KOTopyio mm s^ecb paccMaTpHBaeM, nojie Bcer^a paccMaTpHBaeTca xax BHemnee. 
XlosTOMy MOJKHO CKasaTb, ^^to sneprHfl sapaflOB b ajiexTpocTaTH^ecKOM nojie Bcer^a flaeTca 4)opMyjioii: 

S'^'^'S'^" = J (pdQ . 

K Heii HyjKHO eme ^o6aBHTb sneprHio nojia: 

B cyMMe £; charges ^ field KaK pa3 flaiOT . 

9. CocToaHHa pacceanna „ HetJiHSHHecKoro" nojia. PaccMOTpHM Tenepb pacceanne „ HecjjHSHHecKoro" nojia 
Ha sa^iaHHOM TOKe. Kax o6'bflCHeHO b nyHKTeEl 6yfleM c^HTaTb, hto BsanMO^ieiicTBHe c sjieKTpoMarHHTHMM nojien 
BKjiio^aeTCfl H BMKjiioHaeTCfl a^HaGaTH^ecKH, a HacTHiibi, cocTaBjiHioiuHe tok, ycKopaioTCfl tojibko b toh o6jiacTH 
HpocxpaHCTBa-BpeMeHH, r^e BsaHMOfleiicTBHe hojihoctbio BKjiioHeHO, t. e. a{y) = 1 . 

B npoHSBOJibHOH TOHKB HpocTpaHCTBa-BpeMeHH Hojie 6y;ieT cocTOflTb H3 ^Byx KOMHoneHT: H3 nojifl, KOTopoe cymecTBOBajio 
B y^ajiennoM nponiJiOM h h3 nojia, KOTopoe cos^ajiH ^acTHiiM. 3to nocjie^nee flo6aBOT^Hoe nojie mojkho BM^^HCJiHTb 
no (JjopMyjie JlneHapa-BHxepTa: 

Af{x) = J dV D^oix - x') J^{x') , r^e D^^iv) = 0{y) D^{y) . (29) 

B HHBapnaHTHOM raMHJibTOHOBOM 4)opMajiH3Me nofl cocToaHHeM nojifl no^ipasyMeBaeTca pemeHne cooTBeTCTByromero 
o^piopoflHoro ypaBHeHHfl. B ^janHOM cjiy^ae sto ypaBneHne d^A^ = . HosTOMy, Kor^a mm roBopHM o coctoakhh 
nojifl B y^ajieHHOM nponiJiOM hjih b y^ajienHOM 6y;i,yLLi,eM, ecTecTBenHO npn stom 4)yHKLi,HK) A^j^{x) npoflOJiJKHTb c 
noMombio OflHopoflHoro ypaBHennfl na Bce npocTpancTBO. TaKHM o6pa30M mm npHxo^HM k onpe^ejieHHio in- h out- 
nojien: A^{x)— n yl^(x)— . 3flecb yjKe in h out — BeKTopM nnBapnanTHoro (jaaaoBoro npocTpancTBa . 
9th BeKTopbi ecTecTBenno nasBaTb in- n out- cocTOflnnaMn. PasnocTb sthx ^Byx BexTopoB OTBe^^aeT HSJiy^enHOMy 
nojiio: 

out — in = rad . 

HTo6bi naiiTH nojie A^{x)— , nyjKHO cJjopMyjiy Jlnenapa-BnxepTa Ij29|l cjierxa no^npaBHTb: 

A^{xy-^ = J Do{x~x')J'^{x') . 

B (J)ypbe-npeflCTaBjieHHH 9Ta (JjopMyjia sanncMBaeTCfl oco6eHHO npocTo: 

Mky^^ie(k)-2^5{e)-J'^{k) , 
HJIH, c HcnojibsOBaHHeM HecHHryjiapHoii (jjyHKiiHH afj,{k) na CBeTOBOM Konyce, eme Kopo^e: 

a^iky-^ = ie{k)J^{k) . (30) 

Bh^ho, hto b npHBe^enHMx 4)opMyjiax mojkho nepeiiTH k aflHa6aTH^ecK0My npe^ejiy. Xlpn stom MHOJKecTBO Bcex 
B03M0>KHbix BeKTopoB rad o6pa3yeT jinneiiHoe noflnpocTpancTBO HHBapHaHTHoro (jsasoBoro npocTpancTBa . 
06o3Ha^HM ero KaK Z"*" . Kax 6bijio paaTjacHeno b nynxTe npn aflHa6aTHHecK0M BRjuoHennn h BbIKJII0^^eHHH 
BsaHMOfleiicTBHfl ycjiOBHe Jlopenija ne napymaeTCH. HosTOMy npocTpancTBO Z-^ ne coBua^jaeT co bcbm Z'^ . C 
Apyroii CTopoHM, h3 (|)opMyjibi cjiBflyBT, HTO KpoMB ycjiOBHa JIopeHn,a HHKaKHM ;ipyrHM ycjiOBneM npocTpancTBO Z 
ne orpaHH^eHO. TaKHM o6pa30M, Z-^ — sto noflnpocTpancTBO npocTpancTBa , BbiflejiaeMoe ycjiOBueM Jlopeniia: 

radeZ-L -^ik^a^{k)'-^ = Q . (31) 

3thm o6'bflCHfleTCfl o6o3Ha^^eHHe Z-^ . 



± 
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EcTeCTBeHHO C^HTaTb, HTO BCe BOSMOJKHbie ill-COCTOflHHfl KOFfla-TO 6bIJIH COS^aHbl H3 BaKyyMa npH BSaHMOfleiiCTBHH 

c TOKaMH. Tor^a BeKTopw in- h out- nojieii TaKJKe npHna^jiejKaT no^npocTpancTBy . HocKOJibKy Bce BOSMOJKHbie 
nojifl H3JiyHeHHfl sanojiHHiOT Bce , to Bce BOSMOJKHbie in- h out- nojifl ero tojkg sanojinaiOT. 

IloflCTaBjiaa ycjiOBne 113 111 b 4)opMyjiy Ij28|l ^jia BexTopa sneprHH-HMnyjibca, saMe^aeM, hto coctoahuh h3 npocTpancTBa Z^ 
o6jia;iaiOT HeoTpHD;aTejibHoii SHeprneii. 

10. OcTaTKH KajinGpoBoiHOH HHBapHaHTHocTH. PaccMOTpHM Tenepb TaKOH BeKTop gauge e Z , ^^to BejiH^nny 
a^(fc)saiific ^jojKHO sanncaTb b BH^e: 

r^e A(fc) — HeKOTopaa (J)yHKu;Hfl na CBeTOBOM Konyce. MnojKecTBO BexTopoB Taxoro Bn^a o6pa3yeT jiHHennoe 
noflnpocTpancTBO b Z^ . 06o3Ha^HM sto no^inpocTpancTBO . OneBH^iHO, Z^ co^epjKHTCfl b Z^ . 

PaccMOTpHM onflTb pacceflHHe ^acTnn, h nojia, Kor^a ^Bn^Kenne nacTnn; aapanee ne aa^iano, h npncyTCTByeT, BOo6m,e 
roBopfl, nenyjieBoe in-nojie. 9to pacceaHne onncbiBaeTCfl jiarpanjKHaHOM: 

By^BM CHHTaTb, HTO cooTBeTCTByK)m,He ypaBneHHfl ^BHJKenHfl paspemnMbi, h TpaeKTopnn nacTHn, n nojie A^,_(x) , 
pjia KOTopbix ^leiicTBHe CTan,HOHapHO, naii^ieHbi. H 6y;i,eM TaKJKe cnuTaTb, hto a;iHa6aTHnecKoe BRjuo^enne (BbiKJiioneHHe) 
BsaHMOflencTBHfl nponcxoflHT b ctojib y^ajienHOM npomjiOM (6yflym;eM) , ^^to Bce ^acTHiibi naxo^flTCH flajiexo flpyr 
OT flpyra, nojie A^{k)— ( A^{k)— ) naxoflHTca b ochobhom ^ajieKO ot Bcex nacTnu; n nojie yl^(fc) saugc TaKJKe 
HaxoflHTca ^ajieKO ot Bcex ^acTHLi;. 

JXp6asmA Tenepb k nojiio A^(x) nojie A^ (x) ^'^"sc _ Hhmmh cjiOBaMH, coBepmuM KajiH6poBOHHoe npeo6pa30BaHHe: 

^^(x) A^(x)+9^A(x) , (32) 
r^e A(x) — 4)yHKLi;Hfl, 4)ypbe-o6pa3 KOTopofi CBHsan c \{k) cooTHomenneM: 

K(k) = 2T:6{k^) ■ \{k) . 

B o6jiacTH, r^e BsanMO^ieiicTBHe BKJiionaeTCfl hjih BbiKJironaeTca, STa flo6aBKa na CTan;HOHapHOCTb ^jencTBHa noBJinaTb 
He MOJKeT. B caMOM ^ejie, nocKOJibxy HacTHLi;bi naxoflflTCfl Bne o6jiacTH, r^e STa flo6aBKa npncyTCTByeT, BapHan;HH 
HjienoB TjParticics _ Q, H3MeHHTbCfl He MoryT. Hjien jKe — ^ OTjinnaeTca ot KajiH6poBOHHO- 

HHBapnaHTHoro na nojinyio flnBepreniiHio, KOTopaa nsMenHTb BapHan;Hio ne MOJKeT, h na njien — ^ (d^Afj^)^ , 
BapHan,Hfl KOToporo paBna nyjiio, t. k. df^A^^ — . 

PaccMOTpHM Tenepb o6jiacTb, r^e BsanMO^ieiicTBHe hojihoctbio BKJiioneHO. Hpn Hpeo6pa30BaHHH Ij32ll BapHan,HH 
HjienoB XP"*"^''''' n — ^ dfj^Ai, d^^Ai, HSMennTbCfl ne MoryT no tbm see caMbiM upn^HHaM, hto h b cjiy^ae oGjiacTeii, 
r^e BBanMOfleiicTBHe BKjiionaeTCfl hjih BbiKjno^aeTCfl. OcTaeTCfl njien — A^ . IlpH KajiH6poBOHHOM npeoGpasoBannn Ij32ll 
OH HepexoflHT B — A^ — dfj_K{x) . Cjie^OBaTejibHO, b BapHan,HH ^eiicTBHfl noflBJiiieTCfl ^onojiHHTejibHbiH ^jien 
— SJf^ dfj,A{x) . HHTerpnpyfl ero ho nacTSM n ynHTbiBaa coxpanenne Toxa, HOJiy^aeM, hto oh ;i,OHOJiHHTejibHoro 
BKJia^ia B BapHan,HK) ne ^aeT. 

TaKHM o6pa30M, npn Hpeo6pa30BaHHH (I32II flBHJKenHH, y^oBjieTBopHioiuHe ycjiOBHio CTaiiHOHapHOCTH fleiicTBHfl, 
Hepexo^IflT B ^BHJKeHHa TaKJKe y^OBJieTBopaioniHe STOMy ycjiOBHio. Mojkho CKasaTb, hto HO^npocTpancTBO b 
HpoH,ecce pacceanna (|)aKTHnecKH nHKax ne y^acTByeT. 

EcTecTBeHHO Hpe^nojioJKHTb, hto cocToanHa pacceanna sjieKTpoMarHHTnoro nojia naGjHO^aiOTca TOJibKO ho hx 
BjiHannio na aapajKennbie nacTHu;bi. Tor^a jiio6bie flba BeKTopa h3 Z-^ , OTjinnaioinHeca na BexTop h3 , 
(J)H3HHecKH Hepa3JiHHHMbi. Cjie^jOBaTejibHO, BMecTO npocTpancTBa Z-^ mojkho paccMaTpnBaTb (J)aKTopHpocTpaHCTBO 

3aMeTHM Tenepb, hto b (jjypbe-npeflCTaBjienHH npocTpancTBO Z-*-/" mojkho paccMaTpnBaTb Kajc MnojKecTBO 4)yHKn;HH 
a^{k) na CBeTOBOM Konyce fc^ = , y^OBjieTBopaiomnx ycjiOBnio JlopeHE;a —ik^a^{k)=0 n paccMaTpnBaeMbix 
c TOHHOCTbK) ^o KajiH6poBonHoro npeo6pa30BaHHa: 

a^(fc) a^{k) ~ i kf^ X{k) . 

CjieflOBaTejibHO, mojkho ycTanoBHTb ecTecTBennoe BsanMHO-OflHOBnannoe cooTBeTCTBne MejK^y sjieMenTaMn npocTpancTB Z^/" 

H zp^y*^ . 

Bojiee Toro, npocTpancTBO Z^/" ecTecTBennbiM o6pa30M nacjie^yeT h3 nojinoro npocTpancTBa Z'^ CHMnjieKTH^ecKyio 
CTpyKTypy II23II . n 3Ta CTpyKTypa, o^eBH^no, coBna^jaeT c CHMnjieKTHnecKoii CTpyKTypoii npocTpancTBa Zp^^** , 
naBaeMOH (boDMVJion (I17II . TaKHM o6Da30M. Z-""/" h Z^^^^ ecTecTBenno OTOJK^ecTBJiaroTca h xax CMjun/ieKmM-HecKwe 
npocTpancTBa. 
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11. O CKo6Ke IlyaccoHa Ha Z^l'^ . PaccMOTpHM Tenepb na npocTpancTBe jiHHeiiHyK) 4)yHKLi,HK) F^p(fc)- 

(hJIH Ffj_p{x)- ). IIpH 3T0M k (hJIH, COOTBeTCTBeHHO, X ) CHHTaeTCfl (J)HKCHpOBaHHbIM. KaK 6bIJI0 CKa3aHO B 

nyHKTeEl STa (JjyHKiiHfl ABjiaeTca renepaTopoM BeKTopnoro nojia na Z'^ . 

3aMeTHM, BO-nepBbix, ^to nocKOJibKy paccMaTpHBaeMaa (jayHKiina jiHHeiiHa na Z"^ , ee flH4)(J)epeHi];Haji ne saBHCHT 
OT TOHKH npocTpancTBa Z'^ (h coBna^aeT c caMoii SToii (jayHKiineii) . Cjie^jOBaTejibHO, nojiy^eHHoe BeKTopnoe nojie 
nocToaHHO na bcgm npocTpancTBe Z^ . 

Bo-BTopbix, flH4)4)epeHi];Haji paccMaTpHBaeMoii 4)yHKi];HH, xax h caMa 4)yHKi];Ha, o6pairi;aeTca b nyjib na Z^^ . 
XlosTOMy, KaK bh^ho h3 (^DopMyjibi ^jia CHMnjieKTHHecKoii CTpyKTypbi II23|I . BeKTop ^OJIy^^eHHO^o nocTOflHHoro 
nojifl jiejKHT B noflnpocTpancTBe Z-^ . 

H3 9THX flByx yTBepjK^eHHH cjie^yeT, hto nojiy^enHoe nojie ecTecTBennbiM o6pa30M cyjKaeTca na (JjaKTopnpocTpaHCTBO Z 

C flpyroii CTopoHbi, npocTpancTBO Z^/" caMO Ha^iejieno CHMnjieKTH^ecKoii CTpyKTypoii. Ecjih cysHTb (J)yHKLi,HK) 
Ffj.pik) - (hjih Ffj^pix) - ) Ha sto (J)aKTopnpocTpaHCTBO, to nojiy^eHHaa (J)yHKLi,Ha caMa 6yfleT renepaTopoM neKOToporo 
BeKTopHoro nojifl b Z-^/^^ . 

OflHaKO, nocKOJibKy CHMnjieKTH^ecKaa CTpyKTypa B Z^/" Hacjie/iyeTca h3 Z** , jierKO BH^eTb, hto 06a nojiy^ennbix 
BeKTopHbix nojifl B Z^/ii coBna^aroT. 

OTcro^a TaKJKe cjie^iyeT, hto (J)opMyjibi ()26|l h Ij27|l . nojiyHeHHbie b nyHKTe[2l;iJifl „ HecjsHSHHecKoro" nojia, ro^HTCfl 
H fljifl „4)H3HHecKoro". 
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On quantization of electromagnetic field. 
II. Arbitrariness in choice of Lagrangian. 



D. A. Arbatsky* 
February 7, 2008 



' Abstract 

' Here we show that addition to Lagrangian a divergence of a function does not change the symplectic structure 

, on invariant phase space. 

' It is well-known that the same dynamics can be obtained by different choices of Lagrangian. The simplest replace- 
ment of this type is a linear substitution: 

L — > L' ^aL . 



So far as in these papers we study the questions of quantization and normalize action by Planck's constant, fi — 1 
- this arbitrariness is absent in our research. 

> 

But there is another essential arbitrariness which is the addition to the Lagrangian a full divergence"'^: 

O . 

O ■ L ^ L' = L + df^Ff, , (1) 

' where is some vector function of the coordinate x and field values (piix) . 

I In general case the Lagrangian may contain derivatives of the field with respect to coordinates of the order higher 
than first. Here we will take into account such a possibility and we will accept that the function F^^ may also 
depend on the derivatives of the field with respect to coordinates. 



So far as the substitution does not change dynamics, it leaves the invariant phase space Z unchanged. Now we 
will show that the symplectic structure on Z also remains unchanged. In fact, this means that the whole invariant 
Hamiltonian formalism does not feel such an addition. And so far as quantization is based on invariant Hamiltonian 
^ • formalism, we get that the construction of the quantized field does not change under the substitution 

^ ' It seems to be difficult to prove the invariability of the symplectic structure using the formula for the symplectic 
. current as a starting point. In this connection we will remind here how symplectic structure is defined directly in 
■ the variational terms [3 El El H E] . 



Consider the action in an arbitrary region : 

S = d'^xL{x, ipi, df^ifi, . . . , . . . d^^ifi) . (2) 



(3) 



n 



Its variation, if the region is unchanged, is: 



Here 

Variational derivative here is understood as 

^ 9 p, 9 d 



6a da ^ d{d^a) d{d^d^a) 



*http: // d-a-arbatsky.narod.ru/ 

^In principle, there are other, more compHcated substitutions which usually do not play a practical role because of their complexity. 



1 



The action (|2Jl can be considered as a functional on the set of functions ipi . Using the identity 5^ — Q we get 



n 



If we consider here variations only for functions ipi for which action is stationary, then the first term in the last 
equation becomes zero. From here we get that the symplectic structure defined on Z as 

io = I da^ Sjfj,{x) 



s 



does not depend on the choice of the space-like surface S (it is implied that S behaves well enough at the 
infinity) . 

Let us consider now how the above equations are changed under the substitution 
Variation of the new action S' can be written like in the formula ||2J): 



But S{d^,F^)/Sip^ = . Therefore, 

dS' = 

n 

On the other hand, this variation can be written in the terms of the old action: 



n 

+ . (4) 



SS' = ^S + J d'^d^SF^ . (5) 
n 

Combining Q and lO with © we get: 



J d''xid^f^-d^j^-d^SF^) = 



So far as in this equation all three functions j'^ , , and SF^^ are local (i. e. they become zero in regions where 
Sifi = ) we have: 



The value F^j, can be considered as a functional on the set of functions ipt . Using the identity S — we get 



d'^p.^j'^ix) = J da^5j^{x) . 
I. e. the substitution leaves the symplectic structure on Z unchanged: 
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O KBaHTOBaHHH SJieKTpOMarHHTHOrO nOJIH. 

II. HeoflHOSHaHHOCTb Bbi6opa jiarpaH:a<:HaHa. 

Jl. A. ApSaTCKHH* 
7 (t)eBpajia 2008 r. 



EcTb, oflHaKO, ^pyroH cymecTBeHHbiii npoHSBOJi, saKJiiOT^aiomHiicfl b flo6aBJieHHH k jiarpaHJKHaHy nojiHoii ^HBepreHiiHH^ : 



' AHHOTaL;Ha 

o : 

^ IIoKasaHO, HTO flo6aBJieHHe k jiarpaHacHany flHBepreHii,HH HeKOTopoii (JjyHKiiHH He MenaeT CHMnjieKTHHecKoii 

. CTpyKTypbi Ha HHBapnaHTHOM (J)a30B0M npocTpancTBe. 

O '. 

Qj KaK HSBecTHO, K o^Hoii H Toii yue ;i,HHaMHKe MoryT npHBO^HTb pasjiHHHbie Bbi6opbi jiarpaHJKHaHa. npocTeiimeH 
I ' noflCTanoBKoii TaKoro po^a ABjiaeTca jinneiiHafl saMena: 

! L — > L' = aL . 

^ , HocKOJibKy B flaHHOM iiHKJie CTaTeii mm Hsy^aeM Bonpocbi KBaHTOBaHHH h HopMnpyen ^eiicTBHe na nocToaHHyro 
^f) • IljiaHKa, ?i = 1 , TO yKasaHHbiii npoHSBOJi b nameM paccMOTpennH OTcyTCTByeT. 

O " 

o 

O ■ L ^ L' = L + d^F^ , (1) 

^ : 

, r^e Ffj, — HeKOTopaa BeKTopnaa (jjyHKiiHfl ot KOopflnnaTbi x a nojiebbix nepeMennbix fi{x) . 

I B o6iri,eM cjiy^ae jiarpanjKHaH mo^kbt co^epjKaTb npoHSBO^Hbie ot nojia no KOop^nnaTaM Bbime nepBoro nopa^Ka. 
Oh' Mbi 6yfleM 3;iecb HMeTb b BH^y Taxyio bosmo^khoctb h 6y^eM c^HTaTb, ^to (J)yHKLi,Ha TaxjKe mo^kbt saBHceTb 
f-H , OT npoH3BOflHbix nojifl no KOop^HHaTaM. 

• HocKOJibKy noflCTanoBKa 1^ He MenaeT ^HHaMHKH, ona ocTaBJiaeT HHBapnaHTHoe 4)a30Boe npocTpancTBO Z HensMenHbiM. 
^ CeiiHac mm noKajKen, ^to npn stom TaxjKe ocTaeTca HeHaMennon h CHMnjieKTHHecKaa CTpyxTypa na Z . 3to 

• • • (JjaKTH^eCKH npHBOflHT K TOMy, HTO BBCb HHBapHaHTHMH raMHJIbTOHOB (jjOpMajIHSM K TaKOH flo6aBKe HBHyBCTBHTejieH. 

. 5^ A nocKOJibKy KBanTOBaHne ocymecTBjifleTCfl na ochobg HHBapnaHTHoro raMHjibTonoBa 4)opMajiH3Ma, to OTCiOfla 
i nocjie/iyeT, hto h KOHCTpyKiiHfl KBanTOBanHoro nojia npn no^CTanoBKe Q ne MenaeTCfl. 

' ^OKasaTb HensMeHHOCTb CHMOJieKTHHecKoii CTpyKTypbi, Hcxofla h3 (J)opMyjibi fljia CHMOJieKTHHecKoro TOKa, ope^CTaBJiaeTCfl 
3aTpy;i,HHTejibHbiM. B CBasH c 3THM MM HanoMHHM 3flecb, KaK onpe^ejifleTca CHMOJieKTHHecKafl CTpyKTypa nenocpe^CTBenno 
B BapnaiiHOHHMx TepMnnax 0[2|[3 , 4 , 5, 6j. 

PaccMOTpnM fleiicTBHe b nponsBOJibHoii o6jiacTH f2 : 

5"== d'^x L{x,(pi,dfj,(pi, . . . ,d^,^ . . .d^^ipi) . (2) 



(3) 



Ero BapnaiiHH, ecjiH o6jiacTb ne MeHseTca, paBHa: 

JS* = y" d*x Sifii + df,j^ 

3flecb 

= Jm T + • • ■ + TT^ V • ■ • Ot^Jfi 



* http://d-a-arbatsky.narod.ru/ 

npHHL(Hne, cynjecTByiOT h flpyrae, Sojiee cjiojKHbie noflCTaHOBKH, KOToptie BBHfly CBoeii cjiojkhocth npaKTH'iecKoii pojiH oSmiho 
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BapnaiiHOHHaa npoHSBO^naa npn stom noHHMaeTCfl xax 

^ ^ ^ , « 



8a da 9(9^a) d{dfj_d^a) 

^eiicTBHe ^ MOJKeT paccMaTpHBaTbca xax 4)yHKLi,HOHaji na MHOJKecTBe (J)yHKLi,HH (pi . Hcnojibsya TO^K^ecTBO 
6^ — Q , nojiyHaeM: 

n 

EcjiH 3flecb paccMaTpHBaTb BapbnpoBaHHe tojibko (J)yHKi];Hii Lpi , ^jih kotopmx fleiicTBHe CTaiiHonapHO, to nepBbifi 
Hjien B nocjie^HeM ypaBHenHH sanyjiaeTca. OTCiOfla nojiyHaeM, ^^to CHMnjieKTHHecKaa CTpyKTypa, sa^aBaeMaa na 
Z KaK 



w = y daf,Sj^,{x) , 
s 

He 3aBHCHT OT Bbi6opa npocTpaHCTBeHHO-no^o6HOH noBepxHOCTH S (npe^nojiaraeTCfl, HTO S Be^jeT ce6fl ^ocTaTOHHO 
xopomo Ha 6ecKOHeHHOCTH) . 

IlocMOTpHM Tenepb, xax HSMeHHTca npHBe^enHbie ypaBnenHfl npn noflCTanoBKe l|T]l. 
BapnaiiHa hobofo ^eiicTBHa S" MOJKeT 6biTb sanncana anajiorHT^HO (jjopMyjie (EJ : 

Ho 6{d^F^) I Sipi = . Cjie^iOBaTejibHO, 

C flpyroii CTopoHbi, STa jKe Bapnaiina MOJKeT 6biTb sanHcana b TepMHHax CTaporo ^eiicTBHa: 



(4) 



5S' = SS + J d^xdf^SF^ . (5) 
n 

KoM6HHHpyfl 1^1 H 101 c ijSl, nojiy^aeM: 

HocKOJibKy B 3T0M ypaBHeHHH Bce TpH (J)yHKLi,HH , H SFfj^ jioKajibHbie (t. e. OHH o6paLLi,aiOTCfl B HOJib B Tex 
o6jiacTflx, r^e Sipi = ), OTCio;i,a cjie^yeT: 

''daf,{j'^-j^,-5F^) = 0. 

BejiH^HHy Ffj, mojkho paccMaTpHBaTb xax (JjyHKiiHOHaji na MHOJKecTBe 4)yHKLi,HH ipi . Hcnojibsya TOJK^ecTBO 
— , nojiyHaen: 

J d(Tf,5j'^{x) = J daf,5jf,{x) . 
s s 

T. e. npeo6pa30BaHHe ^ ocTaBJiaeT CHMnjieKTH^ecKyro CTpyxTypy na Z HensMeHHOH: 
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III. Formula for generators of infinitesimal 
linear canonical transformations. 
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Abstract 

Here we suggest a formula for generators of infinitesimal linear symplectic transformations of invariant phase 
space. We discuss applications of this formula to classical and quantum field theory. We show the existence of 
generators of the symmetry group for quantum case. 

1. Formula. In the paper [I] we used a formula that gives generators of infinitesimal linear transformations 
for invariant Hamiltonian formalism. In view of importance and generality of this formula we will give here its 
derivation and discussion. 

So, consider some linear field which is described by the invariant Hamiltonian formalism. Let us for definiteness 
look for the generators of the Poincare group. 

So far as the symplectic structure lo of the invariant phase space is supposed to be Poincare-invariant, the Poincare 
group acts on Z as continuous linear symplectic group. For any infinitesimal transformation from this group-'^ we 
have a Hamiltonian flow on Z . The Hamiltonian of this flow is a function on Z . Let us denote it G- . Now we 
will find the explicit formula for this function. 

First, it is immediately seen that this function is defined up to addition of a constant. We will fix this constant by 
the condition G- = , i. e. the function is equal to zero for the zero vector from space Z . Speaking in a more 
physical way, we will suppose that the vacuum of a classical field has zero energy, momentum etc. 

Let us fix now in the space Z a point c . The vector of velocity of the flow in this point we denote as Sc . Let 
us draw the straight line segment from the point to the point c , i. e. let us consider the set of points like a c , 
a G [0; 1] . So far as transformations of the group under consideration are linear, in the point ac the velocity of 
flow is equal to aSc . On the other hand, the vector of the velocity of flow is connected with the Hamiltonian by 
the relation: 



dG\ 



b ; ocSc 



(1) 



which is true for any & G Z . 
a c and taken on the vector 



Here the left side denotes the differential of the function G- calculated in the point 
b . 



As a vector b in the equation Q we can take the vector da c : 



dG 



dac 



LO 



dac ; aSc 



Using bilinearity of the form uj we can write it as: 

dG\ 

I etc 

Integrating this relation with respect to a in the limits from to 1 we get the formula for the generator: 




(2) 
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2. Application to classical field theory. It should not be thought that the formula jSJ is just other form 
of writing the Noether formula. First, it works only in the linear case. Second, it is not supposed to be used 
for looking for integrals of motion, because they are supposed to be known for linear fields (the equations of the 
motion are solved). Nevertheless, the formula ^ turns out to be very convenient in practical application for many 
reasons. 

First, it is applied much easier. Second, in contrast to the Noether formula, it is not connected with coordinate 
representation. If we know a formula for the symplectic structure u , for example, in the Fourier-representation 
and we know how in this representations the group under consideration acts (for example, Poincare group) then 
we get the generators as easily as in the coordinate representation. 

Furthermore, as it was shown in the paper [II], the structure of the invariant Hamiltonian formalism does not 
change, if we add to the Lagrangian a full divergence. So far as the formula (O is written in the terms of this 
formalism only, the independence of generators from this substitution becomes apparent. 

As a simplest example, consider the scalar field. In the paper [I] we have shown that in the Fourier representation 
the symplectic structure of this field is given by the formula: 

djjLm ■ i £{k) ■ a(—k) '- a{k)- . (3) 

Now consider a space-time shift of the field by infinitesimal vector 5e,j . A state c changes to c + 5c . And: 

a(fc)^ = ifc^ k^a{k)^ . 

Substituting this expression to the formula and taking into account the formula we get: 
G- = — i fcy / dfi„i ■ £{k) ■ ku a{—k)-a{k) - = — Se^j I • k^ a*{k)-a{k)- . 



Let us denote the coefficient of Ssi, as —Pv- Omitting the argument c we get the formula for the vector of 
energy and momentum: 

Pv — \ I dfijri ■ £{k) ■ fcjy a(— fc) a{k) — / d/i^j • fc^ a*{k) a{k) . (4) 



3. About generators in quantum field theory. In the paper [VI] we will describe how construction of 
quantum fields is performed. Let us discuss here how generators are found in the quantum case. 

As far as I know, there was not suggested any analog of Noether theorem for the quantum field theory^. 

Note now, that in the case of invariant quantization of fields, in accordance with the scheme given in the paper [VI] , 
the action of group of invariance is naturally transferred to the quantum space of states 7i . And this action is 
unitary (in the case of indefinite scalar product — pseudounitary) . 

If the scalar product in Ti is positive-definite, then in accordance with the Stone theorem, we have the self-adjoint 
quantum generator. If the scalar product in TL is indefinite, then everything is similar, but we need to introduce 
some special mathematical terminology. 

So, generators of the group of invariance can be rigorously introduced in the quantum case also. 
It seems to be of interest to get some useful formulas for quantum generators also. 

So far as the vacuum | ) of the quantum field remains invariant under the action of the symmetry group, then, 
speaking formally, we just need to write expressions like Q making normal ordering of operators in the integrand. 
In the case of Poincare-invariant quantization of the scalar field that leads to the positive-definite scalar product 
we get: 

A/ = y • fc^ a*(fc) a(fc) . (5) 

But, nevertheless, the strict mathematical meaning of the obtained expression is not fully clear'^. It seems to be 
topical to develop a theory of integrals like lO and prove that if the integrands are normally ordered, we get exactly 
the generators introduced here. 



^Some authors allege opposite. I allow myself just to ignore their opinion on this question. 

^It will be seen from discussion of quantization and topological questions in the paper [VI] that symbols like a*{k) have sense only 
after a proper averaging. But in the given formula we need to integrate the product of such symbols. 
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O KBaHTOBaHHH SJieKTpOMarHHTHOrO nOJIH. 

III. OopMyjia flJiH renepaTopoB HHcJ)HHHTe3HMajibHbix 
jiHHeHHbix KaHOHHHecKHx npeo6pa30BaHHH. 

Jl. A. Ap5aTCKHH* 
7 (|)eBpajifl 2008 r. 

04 ' IIpefljiOJKeHa (JjopMyna fljia renepaTopoB 6ecK0HeHH0 Majitix jiHHeiiHbix CHMnjieKTH^ecKHx npeo6pa30BaHHii 

O , HHBapnaHTHoro cjjasoBoro npocxpaHCTBa. OScyacflaroTca npHMeneHHa SToii cJjopMyjibi k KJiaccHHecKoii h k 

• KBaHTOBOH TeopHH Hojia. DoKasaHO cymecTBOBanne renepaTopoB rpynnti CHMMeTpHH fljia KBaHTOBoro cjiy^aa. 



1 . •I'opMyjia. B CTETbe [I] Hcnojibsosajiacb 4)opMyjia, ;i,aiOLLi,afl renepaTopbi 6ecKOHeHHO Majibix jiHHeiiHbix npeo6pa30BaHHii 
I ■ fljia HHBapHaHTHoro raMHJibTOHOBa (|)opMajiH3Ma. BbH^iy BajKHOCTH H o6lli,hocth SToii (J)opMyjibi, 3;iecb 6y;iyT ^janbi 
^ I ee BbiBO^ H o6cy}K^eHHe. 

HTaK, paccMOTpHM KaKoe-HH6yflb jiHHenHoe nojie, onncbiBaeMoe HHBapnaHTHbiM raMHjibTOHOBbiM 4)opMajiH3MOM. 



o 



] By^eM, ^jifl onpe^ejieHHOCTH, HCxaTb fl,jisi nero renepaTopbi rpynnbi IlyaHKape. 



(N 
O 



HocKOJibKy CHMnjieKTH^ecKaa CTpyxTypa ui HHBapHaHTHoro 4)a30Boro npocTpancTBa Z npe^nojiaraeTca nyan- 
Kape-HHBapHaHTHoii, rpynna IlyaHKape ^eiicTByeT na Z xax HenpepbiBHaa jinneiiHafl CHMnjieKTH^ecKaa rpynna. 
] KajKflOMy 6ecK0HeHH0 MajiOMy npeo6pa30BaHHio SToii rpynnbi^ cooTBeTCTByeT raMHjibTOHOB noTOK na Z . FaMnjibTOHHaH 
' SToro noTOKa sBJiaeTca (jDyHKiineii na Z . 06o3Ha^HM ee G- . Han^eM aBHbiii buji, stoH (J)yHKLi,HH. 

Oh' Bo-nepBbix, cpa3y acho, hto STa (jjyHKiiHfl onpe^ejiena c TOHHOCTbio a^mHTHBHoii KOHCTaHTbi. 3Ty KOHCTanTy mm 
(— I , sacJjHKCHpyeM ycjiOBneM G- = , t. e. cJjyHKiiHfl paBHa nyjiio na nyjieBOM BexTope npocTpancTBa Z . BbipajKaacb 
6ojiee 4)H3HHecKHM asbiKOM, mm Gy^eM nojiaraTb, hto BaxyyM KjiaccH^ecKoro nojifl oGjia^aeT HyjieBMMH SHeprneii, 

HMnyjIbCOM H T. n. 



• • . 3a4)HKCHpyeM Tenepb b npocTpancTBe Z TO^Ky c . BexTop CKopocTH noTOxa b stoh TO^xe o6o3HaHHM Sc . 
^ ' HpoBefleM H3 TO^KH b tohkj c OTpesoK, t. e. paccMOTpHM MHOJKecTBO tohbk BH^a ac , a € [0; 1] . IlocKOJibKy 
, npeo6pa30BaHHfl paccMaTpHBaeMoii rpynnbi jinnenHM, b Tonxe ac CKopocTb noTOxa pabna a6c . C ^pyroii 
$^ ' CTopoHM, BeKTop CKopocTH noTOKa CBfl3aH c raMHJibTOHHaHOM cooTHomenneM: 



dG\ ^ = (1) 

lac' ^ 

BbinojiHfliomHMCfl fljifl jiio6oro b€Z. 3flecb jiebaa nacTb o6o3Ha^aeT flH4)4)epeHLi;Haji 4)yHKn;HH G- , BMnncjienHMH 
B TO^Ke ac n B3flTbiH Ha BeKTope b . 

B KanecTBe BexTopa 6 b ypaBneHHH 10 mojkho B3flTb BexTop dac : 

dG\ 



dac ^ dac ; a5c 

I ac 



HcnojibsyH 6HJiHHeHHOCTb 4)opMbi u , nepenHineM sto xax: 

dG\ ^^^^cj^'^ ada . 



I ac 



HnxerpHpyH sxo cooxHomeHHe no a b npe^ejiax ox 1 , nojiynaeM 4)opMyjiy ^jih renepaxopa: 

(2) 
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2. IIpHMeHeHHe k KJiaccHHecKoii TeopHH nojiH. He cjie^yeT ^yMaTb, ^to 4)opMyjia ^ aBJiaeTca npocTO 
ApyroH sanHCbK) (J)opMyjiM Heiep. Bo-nepsMx, ona pa6oTaeT tojibko b jinneiiHOM cjiy^ae. Bo-BTopbix, ona BOBce 
He npeflHaanaHaeTCfl ^jia noHCxa uumezpaAoe deucHcenuji, h6o y jiHHeiiHbix nojieii ohh h Tax HSBecTHbi (ypaBHennfl 
flBHJKeHHfl pemeHbi). HecMOTpa na sto, 4)opMyjia ^ OKasbiBaeTca OHenb yflo6HOH npn npaxTH^ecKOM npHMeHenHH 
no MHorHM npH^HHaM. 

Bo-nepBbix, ee npHMenHTb ana^HTejibHO npome. Bo-BTopbix, b OTJiHHne ot 4)opMyjibi HeTep, ona BOBce ne npHBssana 
K KOopflHHaTHOMy npe^CTaBjieHHio. Ecjih bh/i; CHMnjieKTHHecKoii CTpyxTypbi uj HSBecTen, nanpHMep, b (J)ypbe- 
npe^CTaBjieHHH, h HSBecTHO, Kax b stom npeflCTaBjienHH ^eiicTByeT paccMaTpHBaeMaa rpynna (nanpHMep, rpynna 
IlyaHKape), to renepaTopbi nojiy^aiOTCfl CTOJib yue npocTO, xax h b KOopflnnaTHOM npeflCTaBjiennn. 

KpoMe Toro, b CTaTbe [II] mm Bn^ejin, hto CTpyxTypa nnBapnanTHoro raMHJibTonoBa 4)opMajiH3Ma ne MenaeTca, 
ecjin K jiarpanjKnany flo6aBHTb nojinyio flnBepreniiHio. IlocKOJibKy cJjopMyjia ^ aanncana ncKjiiOHHTejibHO b 
TepMHHax SToro 4)opMajiH3Ma, nesaBncHMOCTb renepaTopoB ot yKasannoii noflCTanoBKH oxasbiBaeTca o^eBH^noii. 

B KaHecTBe npocTeiimero npnMepa paccMOTpHM CKajiapnoe nojie. B CTaTbe [I] mm BH^ejin, hto b 'Jypbe-npeflCTa- 
BJieHHH CHMnjieKTn^ecKaa CTpyxTypa SToro nojia ^aeTCfl (jjopMyjioii: 



uj-''- = J d^ira ■ i ■ a{—k)- a{k)- . (3) 

PaccMOTpnM ^ajiee npocTpancTBenno-BpeMeHHoii c^jBnr nojia na 6ecKOHe^no Majibiii BexTop Se,^ . CocTOAHHe c 
saMeHflBTCa npn stom na c + 5c . Ilpn stom: 

a{k)^^iSe^ k^a{k)^ . 
IloflCTaBjiflfl 9T0 BbipajKenne b (jaopMyjiy JJl, c y^eTOM (jaopMyjibi (pj, oojiy^aeM: 

G- = — i Sei, / dfim ■ e{k) ■ k^ a{—k) - a{k) - = — Ssi, / • k^ a* (k) -a(k)- . 



Ko34)4)nn,neHT npn fc^ o6o3na^nM Tenepb xax —P^ ■ OnycKaa apryMenT c , nMeeM (jaopMyjiy jiJia BexTopa 
sneprHH-HMnyjibca: 

Pu = J d^Lm ■ s{k) ■ ky a{—k) a{k) = J dii^ ■ k^, a* (fc) a{k) . (4) 

3. O renepaTopax b KBaHTOBoft TeopHH hojih. B CTaTbe [VI] mm onnmeM, KaKHM o6pa30M ocymecTBjifleTCfl 
nocTpoenne KBanTOBMx nojieii. 06cyflnM s^ecb, KaxnM o6pa30M o6cTOflT ^ejia c noncKOM renepaTopoB b KBanTOBOM 
cjiyHae. 

Anajiora TeopeMM HeTep b KBaHTOBoii Teopnn nojifl, nacKOJibKO Mne HBBecTHO, flo cnx nop ne npe^jioJKeno^ . 

3aMeTnM, o^naKO, hto b cjiy^ae nHBapnanTnoro KBanTOBanna nojieii b cooTBeTCTBnn co cxeMon, nsjio^Kennoii b 
CTaTbe [VI], ^encTBne rpynnbi HHBapHaHTnocTH ecTecTBenno nepenocHTca na KBanTOBoe npocTpancTBO cocTOflnnii 
Ti. . HpHHCM 3T0 ^eiicTBne ynnTapno (b cjiy^ae nn^jecJannnTHOro CKajiflpnoro nponsBe^iennfl — nceB^oynnTapno) . 

Ecjih CKajiapnoe npoHSBeflenne b Ti flBjiaeTCH nojioJKHTejibHO-onpeflejiennbiM, to b cootbctctbhh c TCopcMon 
CToyna hmccm caMOConpajKennbiii KBanTOBbiii renepaTop. Ecjin jkc CKajiapnoe nponsBe^enne b Ti. HH^ecJjHHHTno, 
TO ;iejio o6cTOHT CTOJib JKB npocTO, HO HyjKno BBO^HTb cnen,najibnyio MaTeMaTn^ecKyro TepMnnojiornio. 

TaKHM o6pa30M, renepaTopM rpynnbi nnbapnanTnocTn MoryT 6biTb CTporo BBC^enM n b KBanTOBOM cjiynae. 

Hpe^ICTaBJiaeT nnTepec nojiy^nTb ;i,ji5i KBanTOBMx renepaTopoB TaKJKe KaKHe-nn6y;i,b y;i,o6nbie cJjopMyjiM. 

HocKOJibKy BaxyyM | ) KBanTOBannoro nojia ocTaeTca npn BbimeyKaaannoM ^eiicTBnn rpynnbi cnMMBTpnn HHBapHanTnbiM, 
TO ^ncTO (JjopMajibHO, KjiaccHiecKne BbipajKcnnfl Tnna I^J nyjKHO npocTO aanncaTb, nponsBCflJi nopMajibnoe 
ynopflflOHcnne cooTBCTCTByiomnx onepaTopoB no^ anaKOM nnTcrpajia. B cjiy^ae, ecjin pe^b h^ct o nyanKape- 
nnBapnanTHOM KBanTOBannn CKajiapnoro nojia, npHBO^ameM k nojioJKnTejibno-onpeflejiennoMy CKajiapnoMy npoHSBCflennio, 
nojiyiaeM: 

Pu ^ i d/i^ ■ ky d* (k) a{k) . (5) 



Mnorne OHeHb aBTopHTeTHue aBTopBi yTBep:ac^afOT o6paTHoe. 51 nosBOJifO ce6e hx MHenne no ^annoMy Bonpocy npoHrHopnpoBaTB. 
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IIpH 3TOM, oflHaKO, TO^HbiH MaTeMaTHHecKHH CMbicji npHBe^eHHoro BbipajKeHHfl He BnojiHe flcen^. HpeflCTaBJiaeTCfl 
aKTyajibHbiM nocTpoHTb TeopHK) HHTerpajiOB BH^ia Q H noKasaTb, ^^to ecjiH no^jbiHTerpajibHbie BbipajKenHfl HopMajibHO 
ynopflflOHeHbi, to nojiy^aiOTCfl b to^hocth BBe^eHHbie naMH renepaTopbi. 



^KaK SyflBT acHO h3 oScyjKfleHHa KBaHTOBaHHa h TonojiorniecKHx BonpocoB b CTaxbe [VI] chmbojibi BHfla a*(fc) HMeroT acHbiii 
CMMCJi nocjie no^xo^amero ycpe^HGHHa. B npHBe^eHHoft yKe (J)opMyjTe npoHSBO^HTca HHTerpnpoBaHHe npouseedenuH TaKHx chmbojtob. 
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Abstract 



We introduce a notion of induced symplectic representation of the Poincare group. Classical relativistic fields 
are considered as such representations. We describe the method of investigation of these fields in the sense of 
their reducibility. We introduce the notion of the field oscillator as an inducing Hamiltonian system. 

pLn ' 1. Symplectic representations. By Poincare group we will call a connected continuous ten-parameter group 
of transformations of space-time including both homogeneous transformations (the Lorentz group) and space-time 
shifts. We will denote the Poincare group by the symbol V . 



So far as in these papers we study fields that are relativistic invariant, every solution of equations of the motion is 
' transformed to a solution by a transformation from the Poincare group. So, this defines the action of the Poincare 
, group on the invariant phase space Z . 

O 

In a more concrete way this action can be described in the following way. Let we have a transformation g ^ V . 
It acts on points of space-time in the following way: 

, X X ~ gx . 



In the space, where the values of the field function tpi lie, the transformation g acts as: 

^ ■ f t ^ 'Pi = Ay- ■ 

^ ' The action of g in the space Z can be described by the formulas: 

c — >gc, Lpi{x)^^ A,jipj{g-'^x)^ . (f) 

- T— I I 

• As we have said in the paper [I], we will consider here only linear fields. The action of the Poincare group V 
5h ' obviously preserve the linear structure in the space Z . So, in the space Z we have a linear representation of the 
. . . . Poincare group. 

Furthermore, the Poincare group preserves in the space Z the symplectic structure. So, we come to linear 
symplectic representations of the Poincare group V . The connection of symplectic representations with unitary 
will become clear after we define the operation of quantization in the paper [VI]. It will be shown there that in 
the field theory symplectic representations apparently play a role that is not less important than that of unitary. 
Anyway, they are connected with the construction of quantized field more closely. 



2. "Reduction" of field representation. Consider now the question of reducibility of field representations of 
the Poincare group V . We will always imply here reducibility in the complex sense. In order to not complexify 
the space Z let us consider the conjugate space Z^ . In Z^ , obviously, acts the conjugate representation of the 
group V . In order to define this action we just need to read the formula Q a little differently: 

ipi{x)- — > {g(pi{x))- , {g(p^{x))- = Aij(pj{g^'^x)- , (2) 

i. e. we connect the symbol g not with an element of Z , but with an element of Z^ . Below by a field 
representation we will always imply the action of the Poincare group by formula l(2Jl in the complexified conjugate 
space Z;^ . 
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For infinite-dimensional representations the notion of reduction requires specification. Now we will explain the 
structure of field representations under consideration and simultaneously specify in what sense we will talk about 
their reducibility. 

In the case of unitary representations the main tool of investigation is Mackey theorem (see, for example, W). This 
theorem brings investigation of a representation of the Poincare group V to investigation of the corresponding 
little Lorentz group Ck ■ The construction of Mackey induction can be generalized to any linear representations. 
But a general linear representation (including symplectic) of the group V can be not induced from the little group. 
Nevertheless, representations induced in Mackey sense constitute a very wide class, and in fact, we will restrict 
ourself with them. 

Let us make a Fourier transformation of the field and write the result in the form: 

ip,{k) ^ 271 6 {P ~ m^) ■ a,{k) . (3) 
It is natural to call the scalar m a mass of the field, like in quantum theory. 

On the grounds of the formula Q it is natural to say that the field representation decomposes into the direct sum 
of positive- and negative-frequency subrepresentations: 

These two representations we will also call field representations. The projectors to the positive- and negative- 
frequency subspaces in the Fourier representation are just operators of multiplication by the functions 9{+k) and 
9{—k) , correspondingly. 

So far as we consider here real fields, ai{—k) = ci*{k) . So, it is natural to suppose that both subspaces Z^^^^ 

and ^c*^"^ are reducible in the same degree. In this connection we can restrict ourself with consideration of the 
positive-frequency subspace. 

Consider now a fixed vector fc^°^ on the mass surface: (fc^"^)^ = . And consider the subgroup of the Lorentz 
group that leaves this vector unchanged, i. e. the so called little group of this vector. Let us denote this group £^(0) ■ 
Obviously, the set of values ai{k'^^^) corresponding to different values of the index i is transformed linearly under 
action of transformations from £/j(o) . This complex representation of the little group we will suppose to be finite- 
dimensional. Like in the unitary case, we will say that the field representation under consideration is induced by 
this representation of the little group. 

Let us, in analogy with the unitary case, suppose that the further reducibility of the field representation (i. e. 
reduction of its positive-frequency part) is fully defined by reducibility of the inducing representation. 

Let us note here also that in the case of massive fields, i. e. when m > , the little group Cj^io] is the group of 
three-dimensional rotations 5*0(3) . This group is compact, and therefore, its representation can be made unitary 
by introducing a proper scalar product. Therefore, the inducing representation turns out to be fully reducible, 
and the equivalence classes of irreducible components, like in the unitary case, are defined by a one integer or 
half-integer number. It is natural to call this number, like in the quantum case, a spin of the irreducible component 
under consideration. 

In the case of zero-mass field the little group, as we know, is the group of motions of a Euclidian plane E{2) . This 
group is not compact, and situation becomes much more complicated than in the unitary case. We will see it soon 
with example of electromagnetic field. 



3. Field oscillator as inducing Hamiltonian system. It is easy to notice that there is a great similarity in 
description of the harmonic oscillator and the scalar field. Now we will research this phenomenon in detail. 

Consider any real field that is written in the Fourier representation as Let us suppose that the Poisson brackets 
of the field values in the Fourier representation have the form: 

{(^,(fc) , (^j(fc')} = B,j{k) ■ \ie{k) ■ 27r(5(fc2 -m^) 1 • (27r)'*(5(fc + fc') . (4) 

Here Bij{k) is some tensor function. In the cases of the scalar field and the non-physical electromagnetic field, in 
accordance with the formulas of the paper [I], this function is just a constant. But in general case it is not so. So, 
let us consider its properties with more details. 

First, so far as Bij{k) is multiplied by 27r(5(fc^ — m^) , we can admit that it is defined only on the mass surface 
fc^ = TTi^ . Second, using antisymmetry of the Poisson bracket, we get: 

B.,,{k) ^ B,,{-k) . (5) 
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Furthermore, requirements of relativistic invariance make very hard restrictions for Bij (k) . Let us fix some 
point on the mass surface. If we know the value of the function Bij(k) in this point, then, using relativistic 

invariance, we can define it in the other points. The value Bij(k^^^) is not arbitrary also: it must be invariant 
under action of the little group £^(0) . 

The fact that the Poisson bracket is a complexified real bracket makes another restriction for Bij{k) : B*j{k) = 
Bij{—k) . Taking into account ([Sj we can write it also as B*j{k) — Bji{k) . 

Consider now the values ai{+k^'^^) and ai(— fc'^*'^) . As it was shown in the section|21 they form a representation 
of the little group £^(0) . It is obvious also that these values form a representation of the group of shifts^. A shift 
by 4-vector I can be described by the formulas: 

Let us introduce a notation r = . Then we can think that the values ai(+fc(°)) and ai(— fc*^"^) form a 
representation of the group M x £j,(o) , where M is the additive group of real numbers, parameterized by the 
number r . 

Let us consider now the values ai(+fc'^*'-') and ai{—k'^^^) as dynamical variables of some new system. We will call 
this system a field oscillator. In order to economize notations we will write variables of the field oscillator with 
the same symbols, but we will write as an argument not the vector k^^"^ but a real number w ; and w = +1 
corresponds to fc = , and uj ~ —1 corresponds to fc = — fc'"^ . The phase space of the field oscillator can 

be constructed by realification of the space of inducing representation. The Poisson bracket can be defined by the 
formulas: 

{ a,(+l) , a,(+l) } = { a,(-l) , a,(-l) } = , 

{a,(+l),a,(-l)}- iB,,{+l) . 

Assuming that the Poisson bracket is not degenerate we can, as usually, calculate the symplcctic structure. 

The action of the group M x £/j(o) on the phase space of the field oscillator leaves the Poisson brackets invariant. 
Therefore it is symplectic. 

Now we can interpret the action of a transformation from M , characterized by the parameter t , as a time shift 
by the time period r (the "time" of the field oscillator is a non-dimensional parameter). 

We can even define "coordinates" of the field oscillator at "time" t : 

'Prit) = ^ ( a.(+l) • e-" + a,(-l) • e+'* ) . 
We see that the oscillator of a real field has real coordinates. 

If we consider the little group £^(0) as an abstract group, then it does not depend on the choice of the vector . 
If we describe the oscillator by internal notions of the Hamiltonian formalism (phase space, symplectic structure, 
symplectic action of the group M x £j.(o) ), then its construction does not depend on the choice of the vector fc^"^ 
also. So, for any V -invariant field we can uniquely juxtapose M x £j,(o) - invariant field oscillator. 

4. Scalar field representation. Let us apply now the described scheme to the scalar field. The inducing 
representation in this case is the one-dimensional identity representation. The field oscillator is just the usual real 
oscillator with one degree of freedom. 

So, with respect to the action of the Poincare group, the space Zf^ decomposes into the direct sum of the positive- 
and the negative-frequency reducing subspaces, and each of these subspaces is irreducible. These two subspaces we 
will denote Z^^'^'' and -^c*" . The projections of elements of the space Z^ to these two spaces we will provide 
with labels or , correspondingly: 

^(±)(fc)=0(±fc)^(fc) , (p(±)(x)= I ^e-^'=-^(±)(fc) . 

Using formulas from the paper [I], we can calculate the Poisson brackets of these projections: 

{^(±)(fc),^(±)(fc')} = 0. 



^ Speaking more generally, these values form a representation of the seven-parameter subgroup of the Poincare group that includes 
the little group Cf.(o) and shifts. 
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{ !p (fc) , (fc') } = -\ i 0{±k) e{k) ■ 2tt 6{k^ - m^) 1 • (27r)^(5(fc + k') . 
In the coordinate representation we have, correspondingly: 

Here symbols Dm\y) and Dm \y) denote the positive and the negative- frequency parts of the function 



(2^ 



,-iky 



ie{±k)e{k) ■ 27r(5(fc2 -TO^) 



(6) 



The given formulas turn out to be very useful for calculation of propagators of the quantized field. But they 
naturally follow from the classical theory. 



5. Electromagnetic field representation. According to the section|21 the representation of the non-physical 
electromagnetic field decomposes also into the direct sum of positive- and negative-frequency representations. The 
formulas of the section 0] can be rewritten in the following way: 

I(±)(fc) = 9i±k)A,ik) , = I ^e-^'=-I(±)(fc) , 

{IW(fc),IW(fc')} = 0, 
{ (fc) , I^T) (^k')}=g^,-[t 6{±k) e{k) ■ 27r 5{e) ] • {2^f5{k + k') , 
{Al^\x),Ai,^\x')}^Q, 



Here D^^\y) are functions @ with m — Q . In this case they can be written also as: 

1 1 



i(27r)2 ±y2_i0-e(y) A-k 



= ^e{y)5{y^)± ^ 



i(27r)2 y2 



The inducing representation in this case is the complex vector representation of the little group £fc(o) with 
(•^(o)-j2 — Q ^ A more detailed description of this representation is given in the paper [V]. It has two composition 
series: 

{0} = Ml C mI C a4"^^^ C C = Mc , 

{0} = AfO c a4 C ^4"^^ C ^'^c C Mji Mc . 
Under induction these two composition series turn into composition series of the field representation. 



{0} = c Zc^- " c - c z--^ c z--- = z. 



^(+) 



'(+)( + !) 



■(+)-L 



■(+)4 



{0}^z*(+)"cz, 



^(+) 



c 



(+)(-!) 



c z, 



(+)-L 



cz. 



(+)4 



= z. 



(+) 



-{+) 



Here the notations for the subspaccs arc in natural concordance with the notations of the paper [I] . 
The field oscillator in this case turns out to be a system with eight-dimensional phase space. 

In connection with the division of the field into the positive- and the negative-frequency parts, let us notice also that 
so far as electromagnetic field is real, the Lorentz condition for scattered states can be written in three equivalent 
forms: 

-ik^a\t\ky-^ = , 
-ik^ a^-\ky^ = Q. 

So far as positive- and negative-frequency parts of the field play different roles in quantization, in the paper [VI] 
we will see that in quantum theory there is an analog of only the second form of this condition. 



— February 7, 2008 — 



D. A. Arbatsky '^QED. IV. Theory of field rcprcscntationf 



— 4 — 



References 

[1] G. W. Mackey „Predstavleniya grupp v gilbertovom prostranstve ", appendix in the book [2]. [G. W. Mackey 
"Group representations in Hilbert space", appendix in the book j^.] 

[2] I. E. Segal „Matematicheskie problemy relyativistskoy fiziki", M.: Mir (1968). [I. E. Segal "Mathematical 
problems of relativistic physics", Providence, Rhode island: AMS (1963).] 



— February 7, 2008 — 



D. A. Arbatsky '^QED. IV. Theory of field rcprcscntationf 



— 5 — 



O KBaHTOBaHHH SJieKTpOMarHHTHOrO nOJIH. 

IV. TeopHs nojiCBbix npeflCTaBJieHHft. 

Jl. A. ApSaTCKHH* 
7 (t)eBpajia 2008 r. 



■ AHHOTaL;Ha 

I BsoflHTca noHHTHe 06 HHflyii;HpoBaHHOM CHMnjieKTHHecKOM npeflCTaBJieHHH rpynnti IlyaHKape. KjiaccH^ecKHe 

pejiaTHBHCTCKHe nojia paccMaTpHBaiOTca KaK TaKne npeflCTaBjieHna. OnncfciBaeTca MeTOflHKa HCCJieflOBaHna 
9THX npeflCTaBJieHHH b CMticjie hx hphboahmocth. BBOflHTca nonaTHe nojieBoro ocifHJiJiaTopa KaK HHflyLfHpyKtmeii 



o 

(N 



raMHJIbTOHOBOH CHCTeMbl. 



X5 
D 

. 1. CHMnjieKTHHecKHe npeflCTasjieHHa. Fpynnoii IlyaHKape mm 6yfl,eM nasMBaTb CBasHyro nenpepMBHyio 
flecflTHnapaMeTpHHecKyio rpynny npeo6pa30BaHHH npocTpancTBa-BpeMeHH, BKjiiOHaiomyio b ce6a xax oflHopoflHMe 
npeo6pa30BaHHfl (rpynny Jlopeniia), Tax n npocTpaHCTBenno-BpeMenHMe c^BHrn. Mm 6yfleM o6o3HaHaTb rpynny 
^ ■ IlyaHKape chmbojiom V . 

m 

^ IIocKOJibKy B ^lannoM n,HKJie CTaTeii mm nsy^aeM nojia, KOTopbie pejiflTHBHCTCKH nnBapnaHTHM, BCHKoe pemeHne 
. ypaBneHHH flBn^Kennfl nofl ^eiicTBHeM npeo6pa30BaHHfl h3 rpynnbi IlyaHKape nepexo^HT b pemenHe. TaKHM o6pa30M, 
I onpeflejiaeTCfl ^eiicTBHe rpynoM IlyaHKape na HHBapnaHTHOM 4)a30BOM npocTpancTBe Z . 

I Bojiee KOHKpeTHO sto ^eiicTBHe mojkho onncaTb TaK. IlycTb sa^iano npeo6pa30BaHHe g & V . Ha tohkh npocTpan- 
' CTBa-BpeMeHH oho ^leiicTByeT cjieflyroninM o6pa30M: 



X X = gx . 

' B npocTpancTBe, r^e jiejKST 3Ha^eHHfl nojieBon (J)yHKi];HH tpi , npeo6pa30BaHHe g ^eiicTByeT TaK: 

g ; <P« ^ V» = Ay- ^] ■ 

• • • ^eiicTBHe g b npocTpancTBe Z xapaKTepnsyeTca (|)opMyjiaMH: 

; c — > gc, ipiix)^=^ Ay (pj{g-'^x)^ . (1) 

H ■ 

^ KaK yjKe 6bijio CKa3aH0 b CTaTbe [I], mm 3flecb Gy^eM HMeTb ^ejio c jinnenHMMH hojiamh. /JeiicTBHe rpynnbi 
IlyaHKape 7^ , OHeBHflHO, coxpaHiieT jinHeiiHyio CTpyKTypy b npocTpancTBe ^ . TaKHM o6pa30M, b npocTpancTBe Z 
peajiHSOBano jinneHHoe Hpe^iCTaBJienne rpynnbi IlyaHKape. 

KpoMe Toro, rpynna IlyanKape coxpansieT b npocTpaHCTBe Z CHMHjieKTHHecKyio CTpyKTypy. TaKHM o6pa30M, 
MM npHxoflHM K jiHHeiiHMM cuMUAeKmuHecKUM npeflCTaBjieHHflM rpynnbi IlyaHKape V . CBfl3b CHMHjieKTHHecKHx 
npe^CTaBjieHHH c ynnTapHMMH CTaneT Hcna, Kor^a mm onpe^ejinM onepaiiHio KBaHTOBanHH nojia b CTaTbe [VI]. H3 
npoBeflenHoro TaM paccMOTpenHa CTaneT acho, hto CHMHJieKTH^ecKne npe^jCTaBJienHJi, no-BH^HMOMy, nrpaiOT ;i,ji5i 
TBopHH nojifl pojib He Menee BajKnyio, nem ynnTapHbie. Bo-bchkom cjiyHae, c KOHCTpyKLiHeH KBaHTOBanHoro nojia 
OHH CBflsaHM 6ojiee nenocpe^ICTBeHHO. 



2. „ IIpHBefleHHe" nojiesbix npe^cTaBJieHHii. PaccMOTpHM Tenepb Bonpoc o hphbo^hmgcth nojieBbix npe^CTaBJienHii 
rpynnbi IlyanKape V . HpHBOflnMOCTb 6y;i,eT s^ecb nonnMaTbcsi b KOMnjieKcnoM CMMCJie. HTo6bi ne KOMnjieKcn^jniinpoBaTb 
npocTpancTBO Z , 6yfleM paccMaTpnBaTb KOMnjieKCHcjjHiiHpoBaHHoe conpajKennoe npocTpancTBO Zf^ . H Zf^ , 
o^eBHflHO, ^eiicTByeT conpajKennoe npe^CTaBjienne rpynnbi V . HTo6bi onpe^ejiHTb sto ^eiicTBHe, nyjKno (jaopMyjiy l[T|l 
npo^HTaTb neMHOro nnaHe: 

'Piix)- — > {g(pi{x))- , {g<f,{x))- = A,j<fj{g'^x)^ , (2) 
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T. e. OTHecTH CHMBOJi g US K sjieMeHTy Z , a K sjieneHTy . B ^lajibHeiimeM no^ nojiesbiM npe^CTaBJieHneM 
Mbi 6yfleM noHHMaTb ^eiicTBHe rpynnbi HyaHKape no (J)opMyjie (01 b KOMnjieKCHcjjHijHpoBaHHOM conpajKenHOM 
npocTpancTBe . 

/^jia 6ecK0HeHH0MepHbix npeflCTaBjienHii noHHTne npHBOflHMOCTH Tpe6yeT yTO^^HeHH^^. CeiiHac mm pasTjACKHM, Kax 
ycTpoeHbi nojieBbie npe^CTaBJienHfl, KOTopbie mm s^ecb 6y^eM paccMaTpnBaTb, h o^HOBpeMeHHO yTOHHHM, b KaKOM 

CMMCJie MM 6yfleM nOHHMaTb npHBO^HMOCTb. 

B cjiy^ae ynnTapHMx npe^CTaBjieHHii ochobhmm HHCTpyMenTOM HCCJieflOBanHfl flBjiaeTca TeopeMa MaxKH (cm., 
HanpHMep, p]). 9Ta TeopeMa cbo^ht HCCJie^OBaHne npeflCTaBjiennfl rpynnbi HyaHKape V k nccjieflOBanHio cooTBeTCTByiomero 
npeflCTaBJiBHHH Majioii rpynnbi Jlopeniia Ck ■ KoHCTpyKLi,HK) Hn^iyiinpoBanna no MaxKH mojkho pacnpocTpannTb n 
na npoHSBOJibHbie jinnenHbie npe^iCTaBJiennji. OflnaKO, 06111,66 jinneiiHoe npe^CTaBJieHne (b tom ^ncjie CHMnjieKTnirecKoe) 
rpynnbi V MOJKeT n ne 6biTb nnflyiinpoBanHMM c Majioii rpynnbi. TeM ne Menee, npeflCTaBjiennfl, HnflyiinpoBanHbie 
no MaKKH, cocTaBjifliOT BecbMa mnpoKHii Kjiacc n mm s^ecb (jaaKTHHecKn hmh orpannHnMca. 

npoHSBe^eM npeo6pa30BaHHe <l>ypbe nojia n npe^CTaBHM 4)ypbe-o6pa3 b BH;i,e: 

(p,{k) = 27r S{P - m^) ■ a,{k) . (3) 

BejiH^nny m ecTecTBenHO nasBaTb, Kax n b KBanTOBon Teopnn, Maccoii nojia. 

Ha ocHOBannn (jaopMyjiM (pj ecTecTBenHO c^HTaTb, ^to nojieBoe npeflCTaBjienne pacnaflaeTca b npHMyio cyMMy 
nojioJKHTejibHO- H OTpniiaTejibHO-HacTOTHMx noflnpeflCTaBjiennn: 

7* — 7* ffi 7* 

9th flBa npe^iCTaBJiennfl mm TaK>Ke 6yfleM nasMBaTb nojieBMMH. HpoeKTopM na nojiojKHTejibHO- n OTpniiaTejibHO- 
^racTOTHbie noflnpocTpaHCTBa b (jsypbe-npeflCTaBjiennn ycTpoenbi xax onepaTopM yMHOJKeHHfl na (J)yHKi];HH 

H 0{ — k) , COOTBeTCTBeHHO. 

^ajiee, nocKOJibKy mm HMeeM 3;i,ecb ;i,ejio c BeniecTBennbiMn nojiAMH, ai{—k) — a*{k) . HosTOMy ecTecTBenno 
CHHTaTb, ^TO KajKfloe H3 noflnpocTpancTB Z^ m npnBOflHMO poBno b toh >Ke Mepe, ^rTO n flpyroe. B 

CBH3H C 3THM MOJKHO OrpaHHHHTbCfl nOJIOJKHTejIbHO-HaCTOTHMM nO^npOCTpaHCTBOM. 

3a4)HKCHpyeM Tenepb BeKTop k^^"^ na MaccoBoii noBepxnocTH: (A;^"^)^ = . PaccMOTpnM no^rpynny rpynnbi 
Jlopeniia, ocTaBjiJiioinyio stot BeKTop HenaMenHMM, t. e. Tax naabiBaeMyio Majiyio rpynny flannoro BeKTopa. 
06o3Ha^HM 9Ty rpynny C/^m . OHeBn^no, Ha6op Bejin^nn ai{k^^^) , cooTBeTCTByromnn pasjinHHMM BHaHennjiM 
HH^ieKca i , npeo6pa3yeTC5i jinnenno no^ ^eiicTBHeM npeo6pa30BaHHH h3 /Cfc(o) . 3to KOMnjieKcnoe npe^CTaBJienne 
Majioii rpynnbi mm 6yfleM CHHTaTb KoneTrnoMepHMM. AnajiornHHO ynnTapnoMy cjiyHaio, 6yfleM roBopnTb, hto 
paccMaTpHBaeMoe nojieBoe npe^jCTaBJienne HH^yLi,HpoBaHO ^annbiM npe^CTaBJienneM Majion rpynnbi. 

By^eM ^ajiee no anajiornn c ynnTapHMM cjiy^aeM CHHTaTb, ^rTO flajibnenmafl npHBO^HMOCTb nojieBoro npeflCTaBjiennfl 
(t. e. npHBe^enne ero nojiojKHTejibHO-TracTOTHon ^acTn) n,ejiHK0M onpe^ejifleTca npnBO^HMOCTbio HH^yLi,HpyiOLLi,ero 
npeflCTaB Jienna . 

3aMeTHM 3flecb eme, ^tto b cjiy^ae MaccnBHMx nojieii, t. e. Kor^a m > , Majiaa rpynna >Cfe(o) abjiaeTca 
rpynnoii TpexMepnbix Bpamennii 5*0(3) . 9Ta rpynna KOMnaxTna, n, cjie^OBaTejibno, ee npeflCTaBjienne MOJKeT 
6biTb Cflejiano ynnTapHMM nyTBM BBeflennfl na^iJiejKaniero CKajiapnoro npoH3Be;i,eHHfl. HosTOMy nnflyiinpyioniee 
npe^CTaBJienne OKa3biBaeTCfl Bnojine npHBO^HMMM, n KJiaccM SKBHBajienTHOCTn nenpHBO^HMMx KOMnonenT, Tax 
me KaK n b ynnTapnoM cjiy^ae, onpe^ejiHiOTCa e^HHCTBennbiM Li,ejibiM hjih nojiyLi,ejibiM hhcjiom. 9to ^hcjio, HMea b 
BHfly CB5i3b c KBanTOBMM cjiyHacM, ecTecTBenno nasBaTb cnuHOM paccMaTpHBaeMoii nenpHBOflnMoii KOMnonenTM. 

B cjiy^ae jkb 6e3MaccoBoro nojia Majiaa rpynna, xax H3BecTHO, sBJiaeTca rpynnoii flBH^Kennn eBKJiH^OBoii njiocKOCTH E{2) . 
9Ta rpynna neKOMnaKTna, n CHTyan,Ha cymecTBenno ycjiojKnaeTca no cpaBnennio c ynnTapHMM cjiyraeM. CKopo 

MM 3T0 yBHflHM Ha HpHMBpe SJIBRTpOMarHHTHOrO HOJIS. 



3. IIojieBOH oci];HJiJiHTop KaK HH^yi];HpyK>ii];aa raMHJibTOHOBa CHCTeMa. HeTpy^HO saMeTHTb, hto MeJK^y 
onncaHHflMH rapMonn^ecKoro ocu;HjijiflTopa h CKajiapnoro nojia cymecTByeT 6ojibmoe cxo^ctbo. Ceii^ac mm Hsy^HM 
3TO flBJieHHe 6ojiee ;i,eTajibH0. 

PaccMOTpHM npoH3BOJibHoe BemecTBennoe nojie, KOTopoe b (jaypbe-npeflCTaBjiennn sanncMBaeTca b Bn^e (EJ- HycTb 
cko6kh Hyaccona nojieBMx Bejin^nn, bbatbix b (Jiypbe-npe^CTaBjienHH, HMeiOT bh/i;: 



{ip,{k) , ^j{k')} ^ B,j{k) ■ ie{k)-2TTS{k^ -m^) ■ {2TT)^5{k + k') 



(4) 



S^ecb Bij (k) — neKOTopaa TeH3opHaa 4)yHKLi,Ha. B cjiy^ae CKajiapnoro nojia n He4)H3H^ecKoro sjieKTpoMarnHTnoro 
nojia, KaK cjie^yeT h3 (jaopMyji CTaTbn [I], STa 4)yHKLi,Ha npocTO aBJiaeTca KoncTanToii. B o6LLi,eM cjiy^ae 3to, o^naKO, 
ne TaK. PaccMOTpnM no3TOMy ee CBoiicTBa 6ojiee noflpo6HO. 
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Bo-nepBbix, nocKOJiBKy Bij{k) ^OMHOJKaeTca na 2it 5{k'^ — m^) , mojkho CHHTaTb, ^to ona sa^ana tojibko na 
MaccoBoii noBepxHOCTH = m? . Bo-BTopbix, Hcnojibsya aHTHCHMMeTpnio cko6kh HyaccoHa, nojiyHaeM: 

B,,{k) ^ Bj,{-k) . (5) 

/lajiee, Tpe6oBaHHfl pejiHTHBHCTCKoii nHBapnaHTHOCTH naKjia^biBaiOT na (jjyHKiiHio Bij{k) OHenb jKecTKHe orpaHH^enHH. 
3a4)HKCHpyeM Ha MaccoBoii noBepxHOCTH KaKyK)-HH6y^b TOHKy fc^"^ . Ecjih HSBecTHO snaHeHne (J)yHKLi,HH Bij{k) b 
3TOH TOHKe, TO, Hcnojibsyfl jiopenii-HHBapHaHTHOCTb, MOJKHO onpe^iejiHTb ee sna'ieHHfl bo Bcex ocTajibHbix TO^xax. 
SnaHeHHe jkg Bij{k^^'^) TaKJKe ne ABjiaeTCH npoHSBOJibHbiM: oho ^ojijkho 6biTb HHBapHaHTHbiM no OTHomeHHio k 
fleiicTBHio Majioii rpynnbi C/^m . 

To, HTO CKo6Ka IlyaccoHa asjiaeTca KOMnjieKCH(|)HKaLi,Heii BemecTBeHHoii, naKJia^biBaeT na Bij(k) eme o^ho 
ycjiOBHe: B*j{k) = Bij{~k) . C y^eiOM ^ ero TaKJKe mojkho sanncaTb b BH^e B*j{k) — Bji{k) . 

PaccMOTpHM Tenepb BejiH^HHbi ai[+k'^^^) h ai(— fc*^*^') . Kax 6biJio yxaaaHO b nyHKTe|21 ohh o6pa3yK)T npe^CTaBJieHHe 
Majioii rpynnbi Cf.(o) . OHeBH^no TaKJKe, hto yKasannbie BejiHHHHbi o6pa3yiOT npe^jCTaBJienne rpynobi c;i,BHroB^. 
CflBHr na 4-BeKTop I onncbiBaeTca (|)opMyjiaMH: 

a.(fc(°)) ^ a.(fc(°)) . , a,(-fc(°)) ^ a,(-fc(°)) • e-'^'"'' . 

BBeflGM o6o3HaHeHHe r = fc^'^-'Z . Mojkho Tor;i,a ciHTaTb, ^to BejiHHHHbi ail+k^^^^) n ai{—k^^^) o6pa3yiOT 
npe^CTaBJienne rpynnbi M x >Cj,(o) , r^e R — a^mnTHBHaa rpynna BeniecTBennbix mceji, napaMeTpH30BaHHa5i 

mCJIOM T . 

By^eM Tenepb paccMaTpnBaTb Bejin^nnbi aj;(+fc(°^) n aj(— A;*^'^') ksk flnnaMn^ecKne nepeMennbie neKOTopoii 
HOBoii CHCTeMbi. 9Ty CHCTeMy mm 6y^eM nasbiBaTb noAeeuM ocquAAMmopoM. C ii,ejibio skohomhh o6o3HaHeHHH 
6yfleM 3anHCbiBaTb nepenennbie nojieBoro ocn,HJiJi5iTopa tbmh jkb CHMBOJiaMH, no b xa^ecTBe aprynenTa 6yfl,eM 
nncaTb ne bgktop fc^*^^ , a BemecTBennoe hhcjio uj ; npn^eM uj — +1 cooTBeTCTByeT k — +k^^'^ , vi uj — 
— 1 cooTBeTCTByeT k = —k^*^^ . <I>a30Boe npocTpancTBO nojieBoro ociinjijiHTopa nojiyHaeTca OBemecTBjienneM 
npocTpancTBa nnflyiinpyiomero npeflCTaBjienna. CKo6Ky Xlyaccona aafla^HM (JjopMyjiaMn: 

{a,(+l),a,(+l)} = {a.(-l), a,(-l)} = , 

{a,(+l), a,(-l)} = iB,j{+l) . 

Ilpeflnojiarafl neBbipojKflennocTb cko6kh Xlyaccona, MOJKno, ksk o6binno, Bbi^ncjiHTb n CHMnjieKTnnecKyio CTpyxTypy. 

/JeiicTBne rpynnbi M x £^(0) na (j^asoBOM npocTpancTBC nojiCBoro ociinjijiflTopa ocTaBjiacT HensMennoii CKo6Ky 
Hyaccona. Cjie^OBaTejibno, ono HBJiiieTca cnMnjieKTHHecKHM. 

Xlpn 3T0M fleiicTBHe npeo6pa30Banna h3 R , xapaKTcpnaycMoro napaMCTpoM r , mm mojkcm nnTepnpeTnpoBaTb 
KaK BpcMennoH c^Bnr na npoMejKyTOK BpeMcnn t („ BpcMii" nojiCBoro ociinjijiaTopa — napancTp 6e3pa3MepHbra) . 

MojKHO fl,ayKe onpe^ejiHTb „ KOop;i,nnaTbi" nojieBoro ocn,njiJi5iTopa b „ mombht BpeMenn" t : 

^^{t) = ^ ( a.(+l) • e-" + a,(-l) • e+'* ) . 
BnflHO, HTO y ociinjijiaTopa BemecTBennoro nojia KOop^nnaTM BemecTBennbi. 

^ajiee, Majiaa rpynna >C/c(o) , xax a6cTpaKTnaa rpynna, ot Bbi6opa BexTopa /c^°^ ne 3aBncHT. Ecjin ocn,HJiJi5iTop 
onncMBaTb bo Bnyipennnx TepMnnax rannjibTonoBa (J)opMajin3Ma (4)a30Boe npocTpancTBO, cnMnjieKTHHecKaa 
CTpyKTypa, CHMnjiexTn^ecKoe ^eiicTBne rpynnbi R x £^,(o) ), to ero KoncTpyKiina TaKJKC ot Bbi6opa fc*-"-* ne 
saBHcnT. TaKHM o6pa30M, KajKflOMy 7^ -nnBapnanTnoMy nojiio OflH03na^no conocTaBjiaeTca Rx>Cj,(o) -nnBapnanTHbiii 
nojiCBoii ociinjijiflTop. 

4. IIpeflCTaBJieHHe CKajiapnoro nojia. HpnMennM Tenepb H3JiojKennyio cxeny k cxajiapnoMy nojiio. Hn;i,yn,npyiOLLi,ee 
npe^CTaBJienne b stom cjiy^ae ABJiaeTca o^HOMepnbiM TOJK^iecTBennMM npe^CTaBJienneM. HojieBoii ocLi,HJiJiflTop — 
o6bi^nbiH BemecTBennbiii ociinjijiiiTop c o^noii CTcnenbio CBo6oflbi. 

TaxnM o6pa30M, no OTHOniennio k ^eiicTBnio rpynnbi HyanKape npocTpancTBO pacna^aeTca b npHMyio cyMMy 
nojio>KHTejibHO- n OTpHLi;aTejibHO-HacTOTnbix npnBO^aninx no^npocTpancTB, KajK^oe n3 KOTopbix nenpnBO^nMO. 



^Bojiee o5ii];o mo>kho CKasaTB, hto yKasannbie BejiHHHHBi o6pa3yfOT npe^CTaBjieHne ceMnnapaMeTpHHecKofi no^rpynnBi rpynnBi 
IlyaHKape, BKJiroiaromeii Majiyro rpynny ^^.(0) h CflBHra. 
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9th ^Ba noflnpocTpancTBa Mbi o6o3HaHHM -^c'^'' m Z'^^ . IIpoeKiiHH sjieMeHTOB npocTpancTBa Z^^ na sth ^Ba 



noflnpocTpancTBa 6yfleM CHa6jKaTb snaHKaMH hjih ^ , cooTBeTCTBeHHo: 



(-) 



^(±)(fc) = 6l(±fc)^(fc) , ip^^\x) = 



Hcnojibsyfl 4)opMyjibi h3 CTaTbH [I], mojkho Bbi^HCJiHTb cko6kh IlyaccoHa sthx npoeKLi;HH: 

{^(±)(fc),^(±)(fc')} = 0, 
{(^(±)(fc), (^W(fc')} = _ h6i(±fc)e(fc) •27r(5(fc2~m2)l • (27r)4,5(fc + fc') . 

B KOOpflHHaTHOM npeflCTaBJieHHH HMeeM, COOTBeTCTBeHHO: 

{^(^Hx) , ^^^\x')} = -D,t\x - x') . 

3flecb CHMBOJiaMH -Dm^'' (y) h I?m (y) o6o3Ha^eHbi nojiojKHTejibHO- h OTpHiiaTejibHO-HacTOTHaa ^acTH (jsyHKiinn 
^m(y) : 

^-'''y .\t9{±k)e{k) -27: S{P -m'^) 



(6) 



HpHBe^ieHHbie (jjopMyjibi OKasbiBaroTca BecbMa nojiesHbiMH npn Bbi^HCJieHHH nponaraTopoB KBanTOBaHHoro nojia. 
IIpH 3TOM caMH DO ce6e OHH ecTecTBeHHO BbiTexaroT h3 KJiaccH^ecKoii TeopHH. 



5. IIpe^cTaBJieHHe sjieKTpoMarHHTHoro nojiH. IlpeflCTaBjieHHe He(|)H3HHecKoro sjiexTpoMarHHTHoro nojiH, 
corjiacHO nyHKTy[2l TaKsce pacnaflaeTca b npsMyio cyMMy nojioJKHTejibHO- h OTpHiiaTejibHO-HacTOTHbix no^npeflCTaBjieHHii. 
•JopMyjibi nyHKTa 2] nepenHCbiBaKDTCfl cjie^iyiomHM o6pa30M: 



Al^\k)^e{±k)A,{k) , Al^\x) = 



(2^ 



^-^kx ^(±)(fc) 



{A(±)(fc), A(±)(fc')} = 



{ A^^\k) , A^T) (fc') } = ffM- • [ « e(±fc) e(fc) • 27r (5(fc2) ] . (2^)4^ (fc + fc') , 

{ A(^\x) , (a;') } = g,. D^^\x -x'). 
3flecb £'Q^^(y) — (JjyHKiiHH ijSJ npn m = . B stom cjiy^ae sth (jayHKiiHH TaKJKe mojkho 3anHcaTb b BH^e: 



i(27r)2 ±y2_i0-e(y) 47r 



e(y)<5(y2)± 



HH^yilHpyromee npe^CTaBJieHne b stom cjiy^ae — sto KOMnjieKCHoe BeKTopnoe npe^CTaBJieHne Majiofi rpynnbi >Cfe(o) 
npH (fc'"^ )2 = . no;i,po6Hoe onncaHHe SToro npe^CTaBJieHHa HMeeTca b CTaTbe [V] . Oho HMeeT ;i,Ba KOMno3HLi,HOHHbix 
pfl^a: 

{0} = C mI C a4"^^' C C = Mc , 
{0} M° C mI C M^~^^ C C Af^ = Mc . 
IIpH HH^iyiiHpoBaHHH 3TH KOMno3HLi,HOHHbie pflAM nepexo^iaT B KOMno3HLi,HOHHbie pflflbi nojieBoro npeflCTaBJieHHfl: 

/nl - 7* (+) r- 7* II ^ 7* (+) (-1) ^ 7* (+) ^ r- 7* (+) ^ _ 7* (+) 

3flecb o6o3HaHeHHH ^jia no^npocTpancTB ecTecTBenHO corjiacoBanbi c o6o3HaHeHHaMH CTaTbH [I] . 

nojieBoii ociiHjijiaTop b ^anHOM cjiy^ae OKasbiBaeTca CHCTeMoii c BOCbMHMepnbiM (|)a30BbiM npocTpancTBOM. 
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B CBflSH c pas^iejieHHeM nojia na nojiojKHTejiBHO- h OTpniiaTejibHO-HacTOTHbie ^acTH, otmbthm TaKJKe, ^^to nocKOJiBKy 
sjieKTpoMarHHTHoe nojie BemecTseHHO, ycjiOBne Jlopenija na coctohhhh paccesHHa mojkho aanncaTb TpeMH SKBHBajieHTHbiMH 
cnoco6aMH: 

-tk^a[+\ky-^ = , 
-ik^ al-Hk)'^^0. 

IIocKOJibKy npH KBaHTOBaHHH nojiojKHTejibHO- H OTpHLi,aTejibHO-HacTOTHbie HacTH nojifl HrpaiOT paSJIHHHbie pOJIH, 
TO, KaK CTaneT hcho h3 CTaTbH [VI], b KBaHTOBofi tgophh HMeeTCfl anajior jinnib BToporo BapnanTa SToro ycjiOBna. 

CnncoK jiHTepaTypbi 

[1] Jlx. MaKKH jjUpedcmaeAeHUM spynn e zujib6epmoeoM npocmpaHcmee", npnjiojKeHHe b kh. [G. W. Mackey 
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[2] H. Cnraji jjMameMamuHecKue npo6jieMU peMmueucmcKou (fiuauKu", M.: Mnp (1968). [I. E. Segal "Mathema- 
tical problems of relativistic physics", Providence, Rhode island: AMS (1963).] 



— 7 (i)eBpajifl 2008 r. — 



- 5 - 



On quantization of electromagnetic field. 
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for light-like momentum. 
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o : 

, Abstract 

O , Using elementary geometric methods we prove the isomorphism of the little Lorentz group for light-like 

^ ' momentum and the group of motions of a Euclidian plane. In accordance with Jordan-Holder-Noether the- 

pL^ ' orem we perform "reduction" or the real and complex vector representations of this group. We also prove 

. indecomposability of these representations. 

' <^ ' 1. Preliminary remarks. There are quite many books devoted to the theory of the Lorentz group L and the 
' theory of representations of this group. Among them there are monographs specially devoted to this topic; for 
, example, m^lEl- It is mentioned in all them that the little Lorentz group for a light-like momentum^ k is 
■ isomorphic to the group of motions of a Euclidian plane E{2) . The proof that is usually provided is usually based 
on an analytic investigation of the group SL{2, C) which is the universal covering group of the Lorentz group. 

. Such an approach seems to be optimal if we want to study then arbitrary (including two-valued) representations of 
the group iLfe . At the same time it turns out to be very difficult to realize the geometric sense of the isomorphism 
^ : of iLfc and E{2) ^. 
O |. 

I , Let us specify here what is usually implied when we talk about "geometric sense". From the point of view of 
i-C ■ physical applications the Lorentz group is most naturally defined by its vector representation'^. And the little 
, group ZLfe is defined just as the stationary subgroup of the vector k . The group E(2) in its turn is defined as 
^ ' the group of motions of a Euclidean plane. Taking into account these definitions of the groups and E(2) 
• • , and using purely geometric constructions we will find some two-dimensional plane, possessing natural Euclidean 
^ ' structure, where the group acts as the group of motions. 

_ Another question that we will study here (and which is the main motivation for publishing of this paper) is the 
I "reduction" of vector representation of the group Lk , i. e. we will expose what irreducible representations it 
■ ■ ■ ' consists of. From the point of view of the general representation theory, this case is very particular and does not 
contain any specific difficulties. Nevertheless, taking into account its great practical importance, it seems to be 
useful to perform its investigation with using constructions that are closest to our geometric intuition. 



Real vector representation 

2. Notations and terminology. The Minkowski space M is a four-dimensional real linear space , where 
we have real symmetrical bilinear form g( • , • ) with the signature (+,—,—,—) . This form is called scalar product. 
For short, instead of writing g{a, b) , we will write just ab or a ■ b . 

Consider now the group of all linear transformations of the Minkowski space M preserving the scalar product. 
The connected component of this group containing neutral element is a group also. This latter group we will call 
the Lorentz group and we will denote it L . 



*http:/' d-a-arbatsky.narod.ru/ 

^The word "momentum" is used because we keep in mind applications to the theory of zero-mass fields; in particular electromagnetic. 
While we perform purely mathematical investigation, we can suppose that we talk about any isotropic vector k : = . 
^In particular, Ryder 4 noted about it that the physical meaning of this result is unclear. 
^Such a representation is sometimes called "fundamental". 
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In this paper we will consider only the vector representation of the Lorentz group, i. e. the representation in the 
Minkowski space. This representation will be denoted as T . 

The little group of a vector k is the stationary subgroup of the vector k , i. e. the subgroup of the Lorentz group 
leaving the vector k unchanged. It will be denoted as iL^ . 

A vector k is called time-like, if fc^ > ; light-like or isotropic, if k^ — ; and space-like, if fc^ < . 

Consider also the group of all transformations of a Euclidean plane preserving distances. The connected component 
of this group containing neutral element is a group also. We will call it the group of motions of a Euclidean plane 
and denote it E{2) . 

3. Reducing subspaces. Following the Jordan-Holder-Noether theorem let us immediately guess a composition 
series of the representation T , i. e. such a monotonic set of reducing subspaces of the representation T that 
corresponding successive factor-representations are irreducible: 

{0} A/° C il/ll C C = M . (1) 

Here M° is the zero subspace in M ; il/" is the subspace containing all vectors parallel to k ; M-^ is the 
subspace containing all vectors orthogonal to k ; is another notation for the Minkowski space. 

Each of these subspaces is obviously invariant with respect to the action of the group ■ The subrepresentations 
in the subspaces and M-^ we denote T" and T-^ , correspondingly. 

For the set ^ we have the corresponding sequence of the three successive factor-representations in the factor- 
spaces Mil /M° = Mil , M^/MII = M-^/ll and M^/M^ = M""/^ . The first of these factor-representations is a 
subrepresentation. We have already denoted it as tI' . The second and the third factor-representations we denote 
T-'-ZII and T^^-^ , correspondingly. 

The irreducibility of the factor-representations tI' and T^^-^ is undoubted because they are one-dimensional. As 
regards the factor-representation T^/" , its irreducibility (real) will be proved in the sectional 

In the sections [7| and |H1 we will prove two lemmas that have as a consequence that besides the subspaces the 
representation T does not have any other reducing subspaces. So, the composition series is the only one. 
Therefore in this case the statement of the Jordan-Holder-Noether theorem that all composition series are of the 
same length and corresponding factor-representations of these series are equivalent turns out to be trivial. 

4. Homomorphism Zk into E{2) . Consider now in the Minkowski space a three-dimensional hyperplane N 
defined by the equation: 

k ■ X — const =/= . (2) 

So far as the group leaves the vector k unchanged and preserves the scalar product, the hyperplane N is 
invariant with respect to the action of the group Hk ■ 

Let us introduce now an equivalence relation ^ for vectors from N : 

a^h <=> a-b e Mil , (3) 

In other words, two vectors are equivalent if their ends belong to a line parallel to k . Because of and ^ 
every such a line completely lies in the hyperplane N . Making factorization of TV with respect to the equivalence 
relation ||2Jl we get some two-dimensional plane** N . We will denote points from N and lines corresponding to 
them on N by the same symbols: a , c etc. 

The plane iV has natural Euclidean structure. Really, let us take two arbitrary points a and c on iV . Both 
of them are equivalence classes of points on TV . Let us take a one arbitrary representative for each of the two 
classes: a and c , correspondingly. Let us calculate the value 

p(a,c)- v/(^:r^. (4) 

This value does not depend on the choice of the representatives a and c . Really, let us substitute, for example, 
a with a -\- ak . Taking into account (|2Jl, we have: 

p{a + ak, c) = y^{a — c + akY ~ ^/(a — c)^ + 2a{ka — kc) -f a^fc^ — \/ {a —- c)^ = p (a, c) . 



*The plane TV is not imbedded into the Minkowski space. 
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What is more, (a — c)^ is always greater than zero and the function p ( • , • ) have aU properties of Euchdean 
metric, because the plane N can be identified with any of space-like two-dimensional planes lying in N . 

Note now that the equivalence relation Q and metric p ( • , • ) are invariant with respect to the action of the little 
group ilfc . So, we have constructed a homomorphous mapping of the group L^. into the group of motions E(2) 
of the Euclidean plane N . 

5. Inverse mapping. Later on we will repeatedly use the following two statements that are true in both the 
real and the complex cases. 

Statement. If a linear transformation changes some basis {n'}i=i..4 so that scalar products of all elements 
of the basis remain unchanged (including squares of the elements of the basis), then this transformation preserves 
the scalar product. 

Statement. If a linear transformation changes some basis {n^}i=i.A so that all values (n^ — n^Y o,''^^ (n*)^ 
remain unchanged, then this transformation preserves the scalar product. 

The first statement follows from the fact that every vector can be decomposed into a linear combination of the 
elements of basis. The second statement follows from the first, if we take into account the formula: 

{n' - n^f = {n'f -f [n^f - 2n'n^ . 

Let us fix now an arbitrary motion of the plane N . A transformation from the little group , that transforms 
to this motion on N under the homomorphism constructed in the section ^ we will call desired. Let us show 
that the desired transformation from exists and it is unique. So, we will prove that the homomorphism under 
consideration is really an isomorphism. 

For that consider a family of hypersurfaces defined by the equations like 

= const . (5) 

The intersection of any of them with the hypcrplane is a paraboloid. Every such a paraboloid is invariant with 
respect to the desired transformation. And every line representing a point from N intersects such a paraboloid 
exactly in one point, and for every point on the paraboloid there is exactly one such a line that contains this point. 
Therefore we have defined the action of the desired transformation on every paraboloid. 

Let us take now on one of these paraboloids four points that do not lie in any two-dimensional plane. The four 
vectors {n^}i=i.A that have their ends at these four points form a basis in M . The transformation on the 
paraboloid that we have just defined preserves values (n* — n^Y i because each of these values is a square of the 
corresponding distance in A^ . The values (n'^Y ^i'g also preserved because they are constant on the paraboloid. 
Let us linearly continue the constructed transformation of the vectors from the basis to the whole space M . It 
follows from the second statement formulated in the beginning of this section that we will get a transformation 
preserving the scalar product in M . And according to our construction, this transformation preserves the plane Q, 
and therefore it leaves the vector k unchanged. So far as the initial motion of the plane A^ was supposed to belong 
to the connected group E{2) , the constructed transformation in M also belongs to the connected group . 

The constructed transformation is the only one that can pretend to be the desired. On the other hand, the 
constructed transformation from Lk under the homomorphism from the section 0] transforms into some motion 
on A^ . This motion, in accordance with the construction, acts on the four points^ G N in exactly the same 
way as the initial motion in A^ . So far as a motion in a Euclidean plane is uniquely defined even by its action on 
two not-coinciding points, the constructed transformation from Hk is the desired. So, we have proved the 

Theorem. The groups Lk and E{2) are isomorphic. 

6. Factor-representation T^^" . Similarly to the constructed in the section 01 factor-plane, the factor-space 
M-*-/!! has natural Euclidean structure^, this structure is defined by the same formula So, the little group 
acts in Af-'-/" as the group of rotations of a Euclidean plane over a fixed point. Such a group is denoted as 50(2). 

Obviously, in a Euclidean plane there is no such a direction that would be invariant under rotations. From this we 
get the 

Theorem. The factor-representation T-*"/" is irreducible (in the real sense). 
^The lines containing the ends of the vectors of basis {n'}i— i .4 

®And what is more, M-'-ZH is linear, and there is the corresponding scalar product in it: a ■0 = ac . 
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7. Indecomposability of representation T . Let us suppose that the representation T is decomposable, 
i. e. the space M can be represented as a direct sum M = M' ® M" of two non-trivial reducing spaces M' and 
M" . One of these spaces, for example M' , necessarily contains some vector that does not belong to . If we 
properly choose the constant in the equation (0), the end of this vector will lie in the plane N . It was shown in 
the section El that by transformations from this vector can be transformed into any other vector, if the end of 
the latter lies on the same paraboloid. In particular, it can be transformed into four vectors {n^}i=i.A forming a 
basis in M . Therefore, M' must coincide with the whole M . So, we have proved the 

Lemma. Every reducing suhspace of the representation T either coincides with the whole M or lies in . 
From this lemma we get the 

Theorem. The representation T is indecomposable. 

8. Indecomposability of representation . Consider a cylinder defined by equations: 

k ■ X — Q ^ = const 7^ . (6) 

Let us prove that Lk acts transitively on it, i. e. every point on the cylinder can be transformed to any other. 
Let us denote the vector that have the end in the initial point as e^(0) , and the vector that have the end in the 
final point as e^(l) . So far as the cylinder is connected, these two points can be connected by a continuous curve 
e\t) , t&[0;l]. 

Let us introduce now a vector e^(i) which continuously depends on t . Let us require that the end of the 
vector e^(t) always lies on the same cylinder of the type ©. Furthermore, we require that the scalar product 
e^{t) ■ e^(i) = const does not depend on t . And what is more, we require that the vectors k , e^{t) and e'^{t) 
are linearly independent when t = and, therefore, they are linearly independent with any t . 

The vector e^(t) is not defined uniquely, of course. It always can be substituted by e'^{t) + a{t) k , where a{t) 
is an arbitrary continuous function. We will not eliminate this non-uniqueness in any way. 

Let us use the three vectors k , e^{t) and e'^{t) as a basis in M-^ . Using the three-dimensional version of the 
first statement from the section |S1 we get a continuous family of linear transformations in which preserve the 

scalar product in A/^ . 

Let us prove now that these transformations can be completed as transformations from Zk ■ For this let us take 
an arbitrary vector n(0) that does not belong to the subspace M-^ . The vectors k , e^{t) , e'^{t) and n{0) 
form a basis in the Minkowski space M . Let us show now that for any t vector n{t) can be chosen so that the 
following four values do not depend on t : 

k ■ n{t) = const , ^"^{t) • n{t) = const , • n{t) — const , {n{t)Y = const . (7) 

The first three conditions with fixed t define in the Minkowski space a line n , which is a point of the factor-plane 
N constructed in the section 0] As we have pointed out in the section |31 on this line there is exactly one point 
satisfying the fourth of the equations 0. This is the point where the desired vector n{t) has its end. 

Using now the first statement from the section [S] we see that we have constructed a continuous family of trans- 
formations from Lk transforming a given point of the cylinder (O to any other given point. So, we have proved 
the 

Lemma. Transformations of the little group Lk act on the cylinder ((HJ transitively. 
By the way, we have proved the following 

Statement. A linear transformation of the space M-^ , preserving the scalar product there, can he uniquely 
completed as a linear transformation of M , preserving the scalar product in M . 

Let us suppose now that the representation T^ is decomposable, i. e. the space decomposes into a direct 

sum M-"- = M' © M" of two reducing subspaces M' and M" . One of these two subspaces, for example M' , 
necessarily contain some vector that does not belong to Af " . The end of this vector lies on the corresponding 
cylinder ©. But then, as we have just shown, the whole cylinder must belong to M' . But the linear shell of the 
cylinder © coincides with and, therefore, M' = . So, we have proved a 

Lemma. Every reducing subspace of the representation either coincides with Af^ or belongs to Af" . 

From this we have the 

Theorem. The representation T^ is indecomposable. 
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Complex vector representation 



9. Complexification. As we have shown in the paper [IV], for investigation of electromagnetic field it is useful 
to study also the complex vector representation of the little group Lk ■ In order to get this representation we 
just should admit that components of vectors under consideration can be complex numbers and suppose that 
representation of the group acts there by the same formulas as in the real case. And the group ZLfc does not 
change in any way. 

The complexified Minkowski space will be denoted as Mc . Generally, later on all spaces and representations will 
be labeled by symbol of the corresponding field of scalars. If two spaces are denoted the same but have different 
scalar label, then we imply, that the complex space is the complexification of the real. For example, the real 
Minkowski space will be denoted as Mr . We will also imply that real spaces are subsets of corresponding complex 
spaces. The representation of the group £fc that acts in Mc will be denoted as Tc ■ 

An arbitrary vector n e Mc can be represented as a sum of its real and imaginary parts: n — + in^™ . 
Here n^°, n^™ G Mk . So far as transformations of the group are transformations with real coefficients, we 
may suppose that a transformation of a complex vector is a simultaneous transformations of its real and imaginary 
parts. 

All reducing subspaces and factor-spaces found in the real case are obviously complexified. But the analogy between 
the representations Tr and Tc is not full. Reducibility and decomposability of complexified representations must 
be investigated in addition. For proving of indecomposability of complex representations the following lemma will 
play an important role 

Lemma. Let us suppose that we have defined: a vector n € Mc ; some two-dimensional subspace in Mr , 
such that n G ; and some one- dimensional subspace P^ in P^ , such that n ^ P^ . Then multiplying n by 
an appropriate factor 9 G C we can make that {OnY"^ £ P^ and ^ P^ . 

In order to prove this lemma, let us multiply the initial vector n by a number like e'^ , where the argument (p 
runs through the set of real numbers. When the argument (p changes, the vectors n^°(t) and will 
move on some ellipsis in the plane P^ (If and n'" are parallel, the ellipsis degenerates into the segment). 
This ellipsis intersects with any one-dimensional subspace P^ belonging to P^ . Now it is obvious that with 
appropriate (p the imaginary part of the vector will be in P^ and the real part will not be there. 



10. Decomposability of Tj^''" . As we have shown in the sectional in the space Mj,^^" the little group 
Lk acts as the group 50(2) . So far as the group 5*0(2) is Abelian, as it follows from the Schur lemma, the 
complex representation Tj^^" must be reducible. On the other hand, so far as the group 50(2) is compact, 
the representation Tj^^" is equivalent to some unitary representation and therefore it is fully reducible. The 
corresponding subrepresentations we will denote as T^^^-*^" and . 

In order to make this result more concrete, let us introduce in the real space Mj^^" an orthonormal basis {e'}i=i,2 ■ 
Then the matrices of the representation Tj^^" will take the form: 

(cos (f — sin ip \ 
sin ip cos ip I 

If now in the complex plane Afj^^" we use complex "spiral" basis {e*-^-'}A=±i : 

g(±i) ^ ^'^'g' 

the matrices of the representation Tjf^" become diagonal: 

/ e-*'^ \ 
y e+"^ j 

So, we have proved the 

Theorem. The representation T(^^" has exactly two reducing subspaces: M^^^^^^^ and M^ . The 
of the corresponding subrepresentations is the representation T^f^" : 

r-L/ll _ ^(+1)/1| ^(-1)/|| 
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For the electromagnetic field (see [IV]) this theorem means that there exist plane waves with helicity +1 and —1 — 
the well-known fact. 

Let us notice also that: 

a. So far as in the Minkowski space we have not initially introduced any orientation, there is no orientation on 
the plane Mj^^" . Therefore we can not say which space is denoted M^^"'^''^" , and which . In fact, 
by fixation of these notations we introduce orientation. 

b. If we extend the Lorentz group to the full Lorentz group by including there space reflections, then the little 
group also expands. The group SO{2) acting in the plane Mj^^" expands to 0(2) . Under reflections the 
complex spaces Af^l^^''^" and M^. will be transformed to each other and the complex representation 
in the space M^^^^ will become irreducible. 

11. Subrepresentations T^^^ and . In accordance with the decomposability of the factor-represen- 

tation Tj^^" shown in the section Uni in the complex Minkowski space Mc we can find two two-dimensional 
reducing subspaces of the representation Tc . These two subspaces we will denote M^+^^ and M^~^^ . The 
corresponding one-dimensional factor-spaces M|^^^''/m| = M^"''^-'^" and M^^"^ /M^^ = M^^'^^^^ were introduced 
in the section [TUI 

Now it is clear that in the complex case the series can be thickened in two ways: 

{0} = Ml C m| C a4^^^ C C = Mc , (8) 

{0} = Ml C mI C a4"^^ C M^ C M^ = Mc , (9) 

It will be shown in the section [TSl that the complex vector representation does not have other reducing subspaces. 
So, besides (|SJl and ©, the representation Tc does not have other composition series. 



12. Indecomposability of representation Tc . Let us suppose that the representation Tc is decomposable, 
i. e. the space Mc can be represented as a sum 

Mc = M'c®M'^ (10) 

of two reducing subspaces M'^ and M'^ . Then one of these subspaces, for example , necessarily contains 
some vector n that does not belong to M^^ . According to the lemma from the section|51 without loss of generality 
we can assume that n^™ S M^ and n^'' ^ M^ . 

Let us introduce now some real vector . In the case if the vector tt}™ does not belong to M^,^ , is just 
another notation for n^"^ . But if n^™ belongs to Mj| , vector is chosen as any vector such that G M^ 
and ^ . 

Consider now the subgroup of the little group Lk that leaves the vector unchanged. According to the definition 
of the vector , this subgroup in any case leaves unchanged the vector ri^™ . From the results of the section |S1 
we get that the elements of this group can be defined by some vector , which always has its end lying on some 
cylinder jnj, the condition ■ — const is satisfied, and the vectors k , and are linearly independent. 
The end of the vector runs through some line parallel to k : e^(i) = e^(0) -f- tk . The equations Q for the 
vector n^''(i) take the form: 

k ■n^''{t)^ const , ■ n^°{t) = const , {t) ■ n^'' {t) = const , {n^''{t)f = const . 

The third equation can be written with more details: 

(6^(0) + tk) ■ n^''{t) = const . (11) 

Obviously, if we suppose that {n^°{t) — n^'^(O)) G Af" , then the equation (|ll|l for t ^ can not be satisfied. 
Therefore, the subspace Mc must contain some real vector belonging to M^ and not belonging to M^^ . But 
then, according to the second lemma in the section |S1 we have M^ C and, therefore, M^ C Af^ . 

Let us come back again to the complex vector n e Af^ , for which nP'" ^ M^ and ri^'° g M^ . So far as we have 
already proved that A^c" C Afc , we get that in M'^ there is also such a vector which has zero imaginary part 
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and which has the real part equal to the real part of vector n . In other words, we have proved that Af^ contains 
a real vector that does not belong to . But then, according to the lemma of the section [7| Afg C Af^ , and, 
therefore, spaces M'^ and Mc coincide. 

So, we have proved the 

Lemma. Every reducing suhspace of the representation Tc either coincides with the whole space Ale or belongs 
to . 

From this we get the 

Theorem. The representation Tc is indecomposable. 



13. Indecomposability of representations , T^^'^'' and . Let us prove the following lemma: 

Lemma. Every subrepresentation of representation Tf^ contains the subrepresentation Tj| . 

In order to prove this lemma, let us denote the subrepresentation under consideration as . The reducing 
subspace where it acts we denote . 

Consider some non-zero vector n from the subspace M'^ . If it lies in Afjl , then the statement of the lemma is 
satisfied. Suppose now that this vector does not belong to Af^ . 

If the vectors k , and n^™ are linearly dependent then, according to the lemma from the section O we can 

without loss of generality think that n^™ S Afjj and ^ . According to the first lemma from the section |21 
using transformations of the little group Lk we can change the vector so that we add to it an arbitrary 

vector from . At the same time the vector n^™ remains unchanged. Therefore Af| C and, therefore. 
Ml C . 

But if the vectors k , and n^™ are linearly dependent, then, according to the statement of the section |S1 

choosing a proper transformation from the little group Lk we can add to the vector n^'^ a vector parallel to k 
so that the vector n^™ remains unchanged. Therefore, again C Mf^ and C . So, the lemma is 
proved. 

From this lemma we get the two theorems: 
Theorem. The representation Tf^ is indecomposable. 

Theorem. The representations T^^^"^ and are indecomposable. 

Furthermore, from the lemma and the theorem of the section 1^1 wc get the 

Theorem. Besides Af| , M^^^'' , ^'^ (and Mf^ ) the representation T^ does not have any other re- 

ducing subspaces. 

So, the representation Tc does not have any other composition series, besides ((HJ and 0. 



14. Matrices of representations Tr and Tc . Many of the obtained results can be represented by patterns 



for matrices of the representations Tr and Tc . If in the spaces Ms 
these templates become block-triangular: 

/ 



and Mc we choose appropriate bases, then 



1 










SO{2) 










1 



1 








\ 



































1 





And it is known that on the place of every point we have non-zero element, in general case. 

Studying in what subspaces and factor-spaces different blocks of these matrices act I leave for the reader. 
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O KBaHTOBaHHH SJieKTpOMarHHTHOrO nOJIH. 

V. BeKTopHoe npeflCTaBJienHe Majioft rpynnbi JlopeHij;a 
fljiH CBeTonoflo6Horo HMnyjibca. 



J\. A. ApSaTCKHH* 
7 (J)eBpajifl 2008 r. 

AHHOTai^Ha 

C HcnojibsOBaHHeM sjieMeHTapHbix reoMeTpH^ecKHx MeTOflOs ycTaHaBjiHsaeTca h30mop(J)h3m Majioit rpynnbi 
JlopeHii;a fljia CBeTOnoflo6HOro HMnyjibca h rpynnbi flBnacennn eBKJinflOBOn njiocKOCTH. B cooTBeTCTBnn c TeopeMoii 
JKopflana-Fejibflepa-HeTep nponsBOflHTca „ npHBeflenne" BemecTBennoro n KOMnjieKcnoro BeKTopnbix npeflCTaBjiennit 
3T0H rpynnbi. floKasbiBaeTca nepasjioacHMOCTb sthx npeflCTaBjiennn. 

1. ripeflBapHTejiBHBie saMenaHHa. KnHr, b KOTopbix HSJiaraeTca Teopna rpynnbi Jlopeniia L n Teopna 
npeflCTaBJieHHH stoh rpynnbi, HMeeTca ^OBOJibno MHoro. B tom ^ncjie HMeiOTca Monorpacjann, cneiinajibno nocB5iiLi,eHHbie 
SToii TGMe; nanpnMep, 0|2lEl- Bcro^y OTMe^aeTca, ^to Majiaa rpynna JlopeHE;a Lk ajih CBeTonoflo6Horo nnnyjibca^ 
k H30Mop4)Ha rpynne flBHiKennn eBKjinflOBon njiocKOCTn E{2) . ^OKasaTejibCTBO, KOTopoe npn stom npnBOflHTca, 
o6bi^HO ocHOBbiBaeTCfl na anajiHTnnecKOM nsynennn rpynnbi SL(2, C) , KOTopaa ABJiaeTca ynnBepcajibnon naRpbiBaronieii 
rpynnbi Jlopeniia. 

TaKoii noflxofl, no-BH^HMOMy, flBjiaeTCfl onTHMajibHbiM, Kor^a b flajibnenmeM CTaBHTca sa^ana Hsynennfl nponsBOJibHbix 
(b TOM ^HCJie flBysna^Hbix) npeflCTaBjiennn rpynnbi Lk ■ Xlpn stom, o^naKO, nonaTb reoMeTpnnecKHn cmmcji 
H30Mop4)H3Ma Lk H E(2) npe^CTaBjiiieTCfl saTpy^nnTejibHbiM^ . 

yTOHHHM 3flecb, HTO o6biT^HO noHHMaeTca nofl „ reoMeTpn^ecKHM cmmcjiom". C to^^kh spennfl 4)H3H^ecKHx npnjiojKeHHH, 
rpynna Jlopeniia HaH6ojiee ecTecTBenno onpeflejiaeTca cbohm BeKTopnbiM npe^CTaBjienneM^ . Xlpn stom Majiaa 
rpynna £fc onpe^ejifleTCfl npocTO ksk CTaiiHonapnafl no^rpynna BexTopa k . Fpynna E{2) , b cbok) onepe^b, 
onpe^ejifleTCfl ksk rpynna flBH^Kennn eBRjin^OBoii njiocKOCTn. HMea b BH^y sth onpe^ejiennfl rpynn Lfe h E{2) , 
c noMombio nncTO reoMeTpnnecKHX nocTpoenHii mm OTbinieM neKOTopyio flByMepnyio njiocKOCTb, o6jiaflaiOLLi,yK) 
ecTecTBennoii eBKJin^OBon CTpyKTypoii, na KOTopoii rpynna Lk 6y;i,eT ^leiicTBOBaTb xax rpynna ^BH^Kennn. 

/Ipyroii Bonpoc, kotopbim mm 6yfleM a^ecb aannMaTbCfl (n kotopmh flBjiaeTCfl rjiaBHoii MOTHBaiineii pjia onyGjinKOBannH 
flannoH CTaTbn) — 9to „npHBefleHHe" BeKTopnoro npeflCTaBjiennfl rpynnbi Lk , t. e. mm bmhckhm, h3 kskhx 
nenpHBO^HMMx npe;i,CTaBJieHHH oho coctoht. C tohkh spennfl o6LLi,eH Teopnn npe^iCTaBJiennH, stot cjiynaii ABJiaeTca 
o^enb ^acTHMM n ne coflepjKHT KaKHx-jiH6o cnen,H4)H^ecKHx Tpy^nocTeii. O^naKO, BBn^y ero 6ojibmoH npaKTH^ecKoii 
BajKHOCTH, npeflCTaBjiaeTCfl nojiesnbiM npoBecTH ero paccMOTpenne c ncnojibaoBaHneM nocTpoennH, HaH6ojiee OTBe^aiomnx 
namen reoMeTpn^ecKon HHTyniiHH. 



BemecTBeHHoe BeKTopnoe npe^CTaBjieHHe 

2. 06o3HaHeHHH H TepMHHOJiorHa. IIpocmpaHcmeoM Muhkobckoso M nasbiBaeTCfl T^eTbipexMepnoe BeniecTBennoe 
jiHHeiiHoe npocTpancTBO , b KOTopoM aa^ana BeniecTBennaH CHMMeTpn^naH 6HJiHHeHHafl (J)opMa g{- , • ) , 



* http://d-a-arbatsky.narod.ru/ 

^Cjiobo „HMnyjibc" ynOTpe5jiaeTCa, nocKOJibKy HMeiOTCa b BHfly npHJiojKeHHa k TeopHH SesMaccoBbix nojieii; b lacTHOCTH, 
9jTeKTpoMarHHTHoro. rioKa mm saHHMaeMca hhcto MaTeMaTHHecKHM HCCJie^OBaHneM, Mo:acHO CHHTaTb, hto penb h^gt o nponsBOJiBHOM 
H30TponHOM BSKTope k : = . 

HacTHOCTH, Paft^ep |4] no 9T0My noBO^y saMeTHji, hto „ (J)H3HHecKHH cmbicji 3Toro pesyjiBTaTa ne acen". 

^TaKoe npeflCTaBjienne nnorfla naabmaiOT „ <J)yHflaMeHTajibHHM" . 
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HMeiomafl CHrnaTypy (+, — , — , — ) . 3Ta 4)opMa nasMBaeTca ckuamphum npouseedenueM. JliiR KpaTKOCTH BMecTO 
g{a^ b) Mbi 6yfleM nncaTb npocTO ab hjih a ■ b . 

PaccMOTpHM Tenepb rpynny Bcex jiHHeiiHbix npeo6pa30BaHHH npocTpancTBa MnHKOBCKoro M , coxpanaioinHx 
CKajiapHoe npoHSBe^eHHe. CBHsnaa KOMnoneHTa stoh rpynnbi, coflepjKamaa e^HHHiiy, cana sBjiaeTca rpynnoii. 
9Ty nocjie^HK)K) rpynny mm 6y;ieM nasbiBaTb zpynnou Jlopemi^a h o6o3HanaTb ee £< . 

Ha npoTajKeHHH Bceii CTaTbn mm 6yfleM HMeTb ^ejio c BeKTopnbiM npe^CTaBjienneM rpynnbi JlopeHn;a, to ecTb c 
npe^CTaBjienneM b caMOM npocTpancTBe MnnKOBCKoro. 3to npeflCTaBjienne 6yfleT o6o3Ha^aTbca xax T . 

MaAou zpynnou ecKmopa k nasMBaeTca CTaiiHOHapnaa no^rpynna BexTopa A: , t. e. no^rpynna rpynnbi Jlopeniia, 
ocTaBJifliOLLi,afl BeKTop k neHSMennbiM. Ona 6y^eT oGosnanaTbca xax Lk . 

BeKTop k HasMBaeTca epeMeHunodo6HUM, ecjin fc^ > ; ceemonodo6HUM hjih uaomponnuM, ecjiH A:^ = ; h 
npocmpaHcmeeHHonodo6HUM, ecjin < . 

PaccMOTpHM TaKJKe rpynny Bcex npeo6pa30BaHHH eBRjin^OBoii hjiockocth, coxpanaroninx paccToanne. CBasnaa 
KOMnoneHTa SToii rpynnbi, coflepjKamaa eflHHHiiy, caMa abjiaeTca rpynHoii. Mm 6yfleM ee naabiBaTb zpynnou 
deuofceHuu eeKAudoeou UAOCKOcmu h o6o3Ha^aTb i?(2) . 



3. IIpHBOflamHe no^npocTpaHCTBa. Cjie^ya TeopeMe ^op^iaHa-Fejib^iepa-HeTep, nonpo6yeM cpaay yra^aTb 
KOMno3Hn,HOHHbiH pflfl npe^iCTaBJieHHa T , t. e. TaKoii mohotohhmh Ha6op npHBO^aninx HOflnpocTpancTB HpeflCTaBJienna T , 
^To6bi cooTBeTCTByiomne nocjie^OBaTejibnbie 4)aKTopnpeflCTaBjieHHa 0Ka3ajiHCb HenpHBO^HMMMn: 

{0} M° C M" C C = M . (1) 

3flecb — nyjieBoe HOflnpocTpancTBO b M ; Af " — no^npocTpancTBO, coflepjKamee Bce BexTopM, napajiJiejibnbie k ; 
M-*- — HOflHpocTpaHCTBO, coflep}KaLLi,ee Bce BexTopM, opToronajibnbie k ; — ^pyroe o6o3HaneHHe npocTpancTBa 
MnHKOBCKoro. 

KajKfloe H3 3THX HOflnpocTpancTB, oneBH^no, HHBapnaHTHO no OTHomenHio k ^encTBHio rpynnbi £<fe . XloflnpeflCTaBjienna 
B no^npocTpancTBax M" h il/^ o6o3Ha^HM T" h , cooTBeTCTBenno. 

^ajiee, Ha6opy Q cooTBeTCTByeT nocjie;i,OBaTejibHOCTb h3 Tpex nocjie;i,OBaTejibHbix (jjaKTopHpe^CTaBJiennn b (jjaKTopnpocTpancTBax 

h3 3THX 4)aKTopnpeflCTaBjieHHH aBjiaeTca 
noflnpe^CTaBjienneM. Mm ero yjKe o6o3HanHjiH KaK T" . BTopoe h TpeTbe (|)aKTopnpeflCTaBjieHHa o6o3Ha^HM T^^" 
H T^/-^ , cooTBeTCTBenno. 

HenpHBO^IHMOCTb (J)aKTopnpeflCTaBJieHHH T" h T'*/-'- ne BMSMBaeT coMnenHii no npHnnne hx oflHOMepnocTH. Hto 
KacaeTCfl 4)aKTopnpeflCTaBjieHHa T-'-ZH , to ero nenpHBO^HMOCTb (BemecTBennyio) mm ycTanoBHM b nynKTeEl 

B nyHKTax [3 h Sy^yT pf)K&3aMt>i ^Be jieMMM h3 kotopmx cjie^yeT, hto KpoMe no^npocTpancTB Q , ^pyrnx 
npHBO^ianiHX no^npocTpancTB y npe;i,CTaBJieHHa T neT. TeM caMMM, KOMno3Hn;HOHHbiH pafl Q SBJiaeTca e^inHCTBennbiM. 
HosTOMy B ;i,aHHOM cjiy^ae yTBep^K^ienne TeopeMM ^op^ana-Fejib^epa-HeTep o tom, ^to Bce KOMno3Hii,HOHHbie 
pa^M HMeiOT o;i,HHaKOByio ;i,jiHHy n cooTBeTCTByronine cjjaKTopnpeflCTaBJieHHa y sthx pa^OB SKBHBajieHTHM, OKa3biBaeTCfl 

TpHBnajIbHMM. 



4. roMOMop(|)H3M Lk B E{2). PaccMOTpHM Tenepb B upocTpaHCTBe MnHKOBCKoro TpexMepnyK) mnepujiocKOCTb N , 
sa^aBaeMyio ypaBnenHeM: 

k ■ X — const ^ . (2) 

IlocKOJibKy rpynna iLfc ocTaBjiaeT BexTop k HeH3MeHHbiM h coxpanaeT CKajiapnoe npoHSBeflenne, rnnepnjiocKOCTb N 
HHBapnaHTHa OTnocHTejibHO ^eiicTBHa rpynnbi Lk ■ 

Bbe^ieM Tenepb ;i,jia BexTopoB h3 N OTHomeHHe SKBHBajieHTnocTn ~ : 

a - & a-b e Af'l , (3) 

Hnane roBopa, ^Ba BexTopa SKBHBajieHTHM, ecjin hx kohiim jiejKaT na npaMofi, Hapajuiejibnoii k . Bbn^y 
H (|2j| KajK^aa Taxaa npsMaa xjejinKOM coflepjKHTca b rnnepHjiocKOCTn N . <I>aKTopH3ya N no OTHomenHio 
SKBHBajieHTHOCTH ij^J , HOJiy^aeM neKOTopyio ^ByMepnyio hjiockoctb^ N . Mm 6yfleM o6o3HanaTb tohkh h3 N 
H cooTBeTCTByiOLLi,He HM npsMbie Ha N o^nnaKOBbiMH CHMBOJiaMH: a , c h t. n. 



rijiocKOCTB A'^ He 5iBjT5ieTCH eAo:)iceHHoii B npocTpancTBO MnnKOBCKoro. 
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HjiocKOCTb N o6jiaflaeT ecTecTBenHoii eBKJiH^OBoii CTpyKTypofi. B caMOM ^ejie, B03bMeM ^Be npoHSBOJiBHbie tohkh 
a H c Ha iV . KajK^aa h3 hhx — sto KJiacc SKBHBajieHTHOCTH to^bk na N . Bo3bMeM no o^HOMy nponsBOJibHOMy 
npeflCTaBHTejiK) KajK^oro h3 sthx flByx KjiaccoB: a n c , cooTBeTCTBenHO. Bbi^HCJiHM BejiHHHHy 

p(a,c) = v/(^^. (4) 

3Ta BejiHHHHa He saBHCHT OT Bbi6opa npeflCTaBHTejieii a h c . /JeficTBHTejibHO, saMennM, cxajKeM, a na a + afc . 
y^HTbiBaa l(2l, HMeeM: 

p{a + ak, c) = y^{a — c + akY = ^/(a — c)^ + 2a{ka — kc) + a^fc^ — \J [a ~ c)^ = p (a, c) . 

KpoMe Toro, (a— c)^ Bcer^a 6ojibme nyjiH, h (jjyHKiiHfl oGjia^aeT bcgmh CBoiicTBaMH eBKjiH^OBoii MeTpHKH, 

nocKOJibKy njiocKOCTb N mojkho OTOJKflecTBHTb c jiio6oh h3 npocTpaHCTBeHHO-noflo6Hbix ^ByMepHbix njiocKOCTeii, 
coflepjKaiiiHxcfl b N . 

Tenepb SaMeTHM, ^TO H OTHOmeHHe SKBHBajieHTHOCTH H MeTpHKa p{-, •) HHBapnaHTHbl OTHOCHTejIbHO fleiiCTBHfl 

Majioii rpynnbi Hk . TaKHM o6pa30M, nocTpoeno roMOMop4)Hoe OTo6pajKeHHe rpynnbi Lk b rpynny flBHJKeHHii E{2) 
eBKjiHflOBoii njiocKOCTH N . 

5. 06paTHoe oTo6pa»ceHHe. B flajibneiiineM mm 6yfleM neoflHOKpaTHO HcnojibsOBaTb cjie^yioiuHe ^Ba npefljioJKeHHH, 
BepHbie KaK b BemecTBenHOM, Tax h b KOMnjieKCHOM cjiy^ae. 

Hpe^IJiojKeHHe. Ecjiu jiuueuHoe npeoSpaaoeanue deucmeyem na HeKomopuu 6a3uc {n^}i=i.A man, nmo 
OKaaueammcM, HeuaMCHHUMU cnaAxpnue npouaeedenuM aAeMenmoe 6a3uca (enjiwHaM neadpamu 6a3UCHUx ajieMeHmoe) , 
mo 9mo npeo6pa3oeaHue coxpaunem cnaAnpHoe npouaeedenue. 

Hpe^IJiojKeHHe. Ecjiu jiuneuHoe npeoSpaaoeanue deucmeyem na Henomopuu 6a3uc {n'^}i=i.A man, nmo 
OKaaueammcM HeuaMeuHUMU ece eejiunuHU (n^ — n^Y ^ ("-*)^ > '^o amo npeoBpaaoeauue coxpausiem cnajinpHoe 
npouaeedeuue. 

IlepBoe npefljioJKeHHe cjie^yeT h3 Toro, hto bchkhh bgrtop mojkho pasjioJKHTb no BeKTopaM 6a3Hca. BTopoe 
npe^jiojKenne cjie^yeT h3 nepBoro c y^eiOM (J)opMyjibi: 

{n' - n^f = {n' f + {n^ f ~ 2n'n^ . 

3a4)HKCHpyeM Tenepb nponsBOJibnoe ^iBHiKenne njiocKOCTH N . npeo6pa30BaHHe ns Majioii rpynnbi £<fc , KOTopoe 
npn nocTpoennoM b nynxTe ^ roMOMop4)H3Me nepexo^HT b ^annoe ^BHiKenne na N , 6y^eM nasbiBaTb uckomum. 
IloKajKeM, HTO HCKOMoe npeoGpaaoBanne na cymecTByeT h e^nncTBeHHO. TeM caMbiM 6yfleT ycTanoBjieno, hto 
paccMaTpHBaeMbiii roMOMopcjansM na caMOM ^ejie asjiaeTca h30mop4)h3mom. 

^jia SToro paccMOTpnM ceMeiicTBO rnnepnoBepxHOCTeii, sa^aBaeMbix ypaBneHHHMH Bn^a 

= const . (5) 

nepecenenne jik)6oh h3 hhx c rnnepnjiocKOCTbK) N nBJiReiCR Hapa6ojiOH;i,OM. KajK^jbifi TaKoii Hapa6ojiOHfl HnBapjianTen 
OTHOCHTejibHO HCKOMoro npeo6pa30BaHHH. Xlpn stom KajK^aa npsMaa, npeflCTaBjiHiomafl co6oh TO^Ky h3 N , 
nepecexaeT Taxoii napaGojion^ poBHO b o^noii Tonxe, n nepes KajK^yio Tonxy napa6ojiOHfla npoxoflHT poBHO o^na 
Taxafl npaMaa. Cjie^iOBaTejibHO, onpe^jejieno ^eiicTBHe hckomofo npeo6pa30BaHHa na jno6oM h3 napa6ojiOHflOB. 

Bo3bMeM Tenepb na o^hom h3 napa6ojiOH;iOB neTbipe tohkh, ne npHnafljiexanine HHKaKoii flByMepHoii hjiockocth. 
HeTbipe BeKTopa {n^}i=i.A , KOHLi;aMH kotopmx ABjiaiOTCfl sth neibipe TO^^KH, o6pa3yiOT 6a3HC b M . Onpe^ejieHHoe 
HaMH na napaGojion^e npeoGpasoBanne coxpanaeT Bejinnnnbi (n* — n^)'^ , t. k. KajK^aa h3 hhx — 3to KBa^paT 
cooTBeTCTByiomero paccToaHHfl B N . Bejinnnnbi (ri*)^ TaKJKe coxpanaiOTca, t. k. onn nocTOflHHbi na Hapa6ojiOHfle. 
IIpo^ojiJKHM Tenepb no jinneHHOCTH Hocxpoennoe Hpeo6pa30BaHHe BexTopoB 6a3Hca na Bce npocTpancTBO M . 
KaK cjie^yeT h3 BToporo npe^jjiojKeHHH, ccjaopMyjinpoBanHoro b na^ajie SToro nynxTa, nojiy^HTca npeo6pa30BaHHe, 
coxpaninoniee CKajiapHoe npoH3BefleHHe b M . KpoMe Toro, no nocTpoennro, ^janHoe npeo6pa30BaHHe coxpanijej;' 
njiocKOCTb 1(21, a noTOMy oho coxpanaeT HeH3MeHHbiM BexTop k . Tax xax ncxo^noe flBn^Kenne hjiockocth N 
npe^nojiarajiocb npHnafljieacainHM cbhshoh rpynne E(2) , nocTpoennoe npeo6pa30BaHHe b M npHnafljieacHT 
CBa3H0H rpynne ■ 

IIocTpoeHHoe npeo6pa30BaHHe asjiaeTcn e^inncTBennbiM, MoryniHM npeTen^OBaTb na pojib hckomofo. C ^pyroii 
CTopoHbi, nocTpoennoe npeo6pa30BaHHe h3 Lk npn roMOMop4)H3Me h3 nynKTaQlnepexoflHT b neKOTopoe flBHiKenne 
na N . 9to ^BH^Kenne, no nocTpoennio, ^encTByeT na neTbipe tohkh^ n'' G N t&k yue, k&k h ncxo^noe flBHJKeHne 



^IIpaMBie, coflepjKamne kohijbi BeKTopoB 5a3Hca {»i'}i=i..4 
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B N . HocKOJibKy ^BHJKeHHe eBKJiH^iOBOH njiocKOCTH oflHOSHaHHO onpe^iejiaeTca cbohm ^eiicTBHeM ^ajKe na ^Be 
HecoBna^aromne tohkh, nocTpoeHHoe npeo6pa30BaHHe h3 iLfc sBJiaeTca hckommm. TaKHM o6pa30M, flOKasana 

T e o p e M a. Fpynnu -Cfc u E{2) u30Mop(pHU. 

6. 3»aKTopnpeflCTaBJieHHe T"*"/" . AnajiorH^HO nocTpoeHHoii b nyHKTe01(|)aKTopnjiocKOCTH iV , cjjaKTopnpocTpaHCTBO 
7Vf-L/ll o6jia;iaeT ecTecTBeHHoii eBKJiHflOBoii CTpyKTypoii® , ona ^aeTca Toii ace 4)opMyjioii I^J. TaKHM o6pa30M, 
Majiaa rpynna fleiicTByeT b M-*"/" xax rpynna BpameHHH eBKJiHflOBoii njiocKOCTH Boxpyr (jjHKCHpoBaHHoii 
TOHKH. Taxafl rpynna o6o3HanaeTCfl xax SO {2) . 

OneBHflHO, B eBKjiHflOBOH njiocKOCTH neT TaKoro HanpaBjiennH, KOTopoe ocTaBajiocb 6bi HHBapHaHTHbiM npn Bpamennax. 
OTcro^a BbiTeKaeT 

T e o p e M a. <t>aKmopnpedcmaejieHue T-'-/" nenpueoduMO (e eew,ecmeeHHOM cmucac). 

7. HepasjioxcHMocTb npeflCTaBJieHHa T . IlpeflnojioJKHM, ^to npe^CTaBjienne T paajioJKHMO, to ecTb npocTpancTBO M 
npe^CTaBHMO b BH^je npaMon cyMMbi M = M' © M" ^Byx neTpnBnajibHbix npnBO^aninx no^inpocTpaHCTB M' h 

M" . O^HO H3 3THX no^npocTpaHCTB, HanpHMep M' , o6fl3aTejibHO co^iepjKHT KaKOH-HH6y;ib BeKTop, He co^iepjKaniHHCfl 
B M-^ . IIpH HOflxoflflnieM Bbi6ope KoncTaHTbi b ypaBneHHH (|2j| Konen, SToro BexTopa 6y;ieT jiejKaTb b njiocKOCTH N . 
B nyHKTe mm Bn^ejiH, hto npeo6pa30BaHHHMH h3 £jk stot bgrtop MOJKeT 6biTb nepeBe^en b jiio6oh ^pyrofi 
BeKTop, Koneu; KOToporo jigjkht na tom me napa6ojiOHfle. B tom nncjie on MOJKeT 6biTb nepeBe^en b ^eTbipe 
BeKTopa {n^}i=i.A , cocTaBJiinonine 6a3HC b M . Cjie^OBaTejibno, M' ^ojijkho coBna^aTb co bcbm M . TaKHM 
o6pa30M, flOKa3aHa 

Jl e M M a. BcjiKoe npueodjiinee nodnpocmpaHcmeo npedcmaejienuM T jiu6o coenadaem co eccM npocmpaHcmeoM 
M , Au6o codepoKumcsi e . 

H3 nee BbiTexaeT 

T e o p e M a. IIpedcmaejieHue T uepaaAOCHCUMO. 

8. HepasjioxcHMOCTB npe^cTaBJieHHa T-^ . PaccMOTpHM n,HJiHHflp, 3a^aBaeMbiH ypaBneHHHMH: 

k ■ X = , — const ^ ■ (6) 

^OKajKeM, ^TO £jk ^eiiCTByeT na hgm TpaH3HTHBH0, t. e. BCflKaa Tonxa na n,HJiHH^pe, MOJKeT 6biTb nepebe^ena 
BO BcaKyio flpyryio. 06o3HanHM bgktop, Konen; KOToporo yxasbiBaeT b ncxoflHyio TO^Ky, xax e^(0) , a bgktop, 
yKasbiBaiomHH b KOHennyio, xax e^(l) . Tax xax ufuivmpp CBasen, to sth ppe to^kh mojkho coe^nnnTb HenpepbiBHoii 
KpHBoii e^{t) , i S [0; 1] . 

BBe^ieM TaKJKe BexTop e^(t) , nenpepbiBHO 3aBHCflm,HH ot t . By^eM cnnTaTb, ^to Konen, bexTopa e^(t) Bcer^a 
jiejKHT na neKOTopoM o^hom □;HjiHHflpe BH^a KpoMe Toro, noTpe6yeM, ^To6bi CKajiapnoe nponsBefleHHe e^(t) ■ 
e^{t) — const ne saBHcejio OT i . H eme noTpe6yeM, nTo6bi BexTopbi fc, e^{t) n e^(t) 6bijiH jinneiiHO nesaBHCHMbi 
npH i = H, cjieflOBaTejibHO, jinneiiHO nesabncHMbi npn npoHSBOJibnoM t . 

BeKTop e^(t) onpe^ejien, Kone^HO, HeoflH03Ha^HO. Ero Bcer^a mojkho 3aMeHHTb na e^(i) +a{t)k , r^e a{t) — 
npoHSBOJibnaa nenpepbiBHaa (jayHKiina. yKasannyio neoflHOsnannocTb mm (jjHKcnpoBaTb HHKaK ne 6yfleM. 

IIpHMeM Tenepb Tpn BexTopa k , e^(t) n e^(t) 3a 6a3HC b M-^ . XIpHMenflfl TpexMepHbiii BapnanT nepBoro 
npe^jiojKennfl h3 nyHKTa[3 nojiynaeM HenpepbiBHoe ceMeiicTBG nHHennbix npeo6pa30BaHHH b M-^ , coxpanaroninx 
B M"*- CKajiflpnoe npoH3Be^eHHe. 

XloKajKeM Tenepb, hto sth npeoGpasoBanna mojkho floCTpoHTb ^o npeo6pa30BaHHH h3 Hk ■ Jimi SToro bosbmbm 
npoH3BOJibHbiH BeKTop n(0) , HB npHHafljie}Kam,HH noflnpocTpaHCTBy M-^ . BexTopM k , e^{t) , e^(i) h n(0) 
o6pa3yK)T 6a3HC b npocTpancTBe MnHKOBCKoro M . IIoKajKeM, ^to npn npoH3BOJibHOM t BexTop n{t) mojkho 
Bbi6paTb Tax, ^TO cjie^yronine ^eTbipe BejiH^HHM ne 6y^yT 3aBHceTb ot t : 

k ■ n{t) = const , • n'{t) = const , e^(t) • n{t) = const , {n{t))'^ = const . (7) 

XlepBbie Tpn ycjiobna npn (jaHKCHpoBannoM t BbiflejiaiOT b npocTpancTBe MnnKOBCKoro M npaMyio n , HBjiflromyiocfl 
TOHKoii 4)aKTopnjiocKOCTH N , nocTpoeHHoii b nynKTe^l Kax 6biJio yKa3aH0 b nynxTe^ na stoh npaMoii HMeeTca 



Bojiee Toro, M ' " jikhghho, h b hgm HMeeTca cooTBGTCTByfomee CKajTHpnoe npoHSBe^eHne: a • c = ac . 
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poBHO o^Ha TO^Ka, y^OBJieTBoparomaa HeTeepTOMy h3 ypaBHeHHH Q. 9to h ecTb TO^^Ka, b KOTopyro yxasbiBaeT 

HCKOMblH BeKTOp n{t) . 

IlpHMeHaH Tenepb nepBoe npefljioJKeHHe h3 nyHKTaEl bh^hm, ^to nocTpoeno nenpepbiBHoe ceMeiicTBO npeo6pa30BaHHH 
H3 Cjk , nepeBOflfliiiHx aaflaHHyio TO^Ky ufuivmppa (jHJ b jiio6yio flpyryio aaflaHHyio TO^^Ky. VLt&k, flOKaBana 

JI e M M a. IIpeoSpaaoeaHUM, mujiou zpynnu deucmeymm na v,ujiuHdpe ij^J mpaHaumueuo. 

IlonyTHO HaMH 6bijio flOKaaaHO cjie/iyiomee 

Hpe^IJiojKeHHe. JIuneuHoe npeo6pa3oeaHue npocmpaHcmea , coxpansiwinee e hcm cnaAsipHoe npouseedenue, 
Mootcem 6umh eduncmeeHHUM o6pa30M docmpoeuo do jiuhcuhozo npeo6pa3oeaHUM npocmpaHcmea M , coxpaHsaovnezo 
CKaAsipnoc npouaeedenue e M . 

Hpe^inojiojKHM Tenepb, ^to npe^iCTaBJieHne T-*- pasjiojKHMO, t. e. npocTpancTBO M-^ pacna^iaeTca b npaMyro 
cyMMy = M' © M" ^Byx npHBO^amnx no^npocTpancTB M' h M" . OflHO h3 sthx no^npocTpancTB, 

HanpHMep M' , o6fl3aTejibHO coflepjKHT KaKOH-HH6y;ib BexTop, ne co^epjKamHiicH b Af H . Konen, SToro BeKTopa 
jiBJKHT Ha cooTBeTCTByiomeM iiHjiHH^pe JSJ. Ho Tor^a, xax 6bijio TOJibKO hto noKaaaHO, h bbcb ufuivmpp flOJiJKeH 
co^epjKaTbCfl B M' . Ho jiHHeHHaa o6ojio^Ka iiHJiHH^pa ^ coBnaflaeT c M-^ , h, cjieflOBaTejibHO, M' = A4-^ . 
TaKHM o6pa30M, ^OKaaana 

JI e M M a. BcMKoe npueodsimec nodnpocmpancmeo npcdcmaeACHUsi au6o coenadacm c , au6o codepcHcumcsi 
e Afl! . 

H3 nee BbiTexaeT 

T e o p e M a. UpcdcmaeACHue nepasAoaicuMO. 



KoMnjieKCHoe BeKTopnoe npe^CTaBjieHHe 

9. KoMnjieKCH(J)HKai];HH. Kax 6biJio noKa3aHO b CTaTbe [IV], npn HCCJie^OBaHHH sjieKTpoMarHHTHoro nojia 
nojie3HO H3y^HTb TaKJKe KOMnjieKCHoe BeKTopHoe npe^CTaBJienne Majioii rpynnbi . HTo6bi nojiy^HTb sto npe^jCTaBJieHne, 
HyjKHO npocTO flonycTHTb, ^^to KOMnoHenTbi paccMaTpHBaeMbix bgktopob MoryT 6biTb KOMnjieKCHbiMH HHCJiaMH, h 
CHHTaTb, HTO npeflCTaBjiBHHe rpynnbi fleiicTByeT b nen no tgm jkg 4)opMyjiaM, ^to h b BemecTBennoM cjiynae. 
CaMa rpynna Hk npn stom HnxaK ne nsMenfleTCH. 

KoMnjieKCH4)Hn,HpoBaHHoe npocTpaHCTBO MnnKOBCKoro 6y^eT o6o3Ha^aTbCfl Kax Mc . Boo6ni,e, ^ajiee Bce npocTpancTBa 
H npeflCTaBjieHHfl 6yflyT noMe^aTbCH ananKOM cooTBeTCTByiomero hm nojia CKajiapoB. Ecjih ^Ba npocTpancTBa 
o6o3HaHaiOTCfl oflHHaKOBO h paajin^aiOTCfl tojibko yKaaannbiM aHa^rKOM, to npeflnojiaraeTca, htg KOMnjieKcnoe 
npocTpancTBO flBjiaeTCH KOMnjieKCHcjanKaiiHeii BemecTBennoro. HanpnMep, BemecTBenHoe npocTpancTBO MnnKOBCKoro, 
6y;ieT o6o3HanaTbCfl xax -Mjr . Mm 6y^eM TaKJKe nojiaraTb, htg BeniecTBennbie npocTpancTBa aBJiaiOTca noflMnojKecTBaMH 
cooTBeTCTByroniHx KOMnjieKCHbix. npe^CTaBJienne rpynnbi iL^ , fleiicTByioniee b Mc , o6o3HanHM Tc . 

HpOHBBOJIbHblH BeKTOp H S Mc MOJKGT 6bITb npeflCTaBJIBH B BH^G CyMMbI CBOGH BeilieCTBeHHOH H MHHMOH ^aCTGH: 

n = + m^™ . 3flecb n^™ S Mr . HocKOJibKy npeo6pa30BaHHa rpynnbi aBjiaiOTca npeo6pa30BaHHaMH c 
BeniecTBennbiMH KOScjjcjjHLiHeHTaMH, mojkho c^HTaTb, hto npeo6pa30BaHHio KOMnjieKcnoro BeKTopa cooTBeTCTByeT 
o^IHOBpeMeHHoe npeo6pa30BaHHe ero BeniecTBenHoii n mhhmoh HacTeii. 

Bce Haftflennbie b BemecTBennoM cjiy^ae npHBOflamne no^npocTpancTBa n (jaaKTopnpocTpancTBa, OHeBHflno, KGMnjieKcncjjniiHpyiOTca 
HojiHoii anajiornn, o^naKO, MejKfly npeflCTaBjiennaMn Tr h Tc hbt. HpHBO^HMOCTb n pa3Jio>KHMOCTb KOMnjieKCH(J)HLi;HpoBaHHbix 
npe^CTaBJiennii nyjKHO nccjieflOBaTb ^onojinnTejibno. Hpn flOKa3aTejibCTBe Hepa3JiO}KHMOCTH KOMnjieKcnbix npeflCTaBJiennii 
BajKHyio pojib 6yfleT nrpaTb cjie^yioniaa 

JI e M M a. Uycmb aadanu: eenmop n € Mc ; ncKomopoe deyMcpuoe nodnpocmpancmeo Pr e Mr , manoe, nmo 
n G ; u HCKomopoe oduoMepnoe nodnpocmpancmeo e /r , maKoe, nmo n ^ P^ . Tozda, yMHOOKasi n na 
nodxodsimuu MHOCHCumcAb 9 G C , mochcho do6umbcsi, Hmo6u (0n)^™ G P^ u {6n)^ ^ . 

HTo6bi flOKa3aTb STy jieMMy, yMHOJKHM ncxo^Hbiii KOMnjieKcnbiii BexTop n na hhcjio Bn^a e^'^ , r^e nepeMennaa ip 
npo6eraeT MHOJKecTBO BemecTBennbix ^nceji. Hpn HBHenennH nepeMennoii ip bbrtopm n^{t) n 6yflyT 
flBHraTbca no neKOTopoMy sjijinncy b njiocKOCTn (ecjin n n^™ napajiJiejibnbi, sjijinnc BbipojKflaeTca b 

OTpe30K). 3tot sjijinnc nepeceKaeTca c jno6biM oflHOMepnbiM no^inpocTpancTBOM Pg , co;i,ep}KaLLi,HMca b P^ . 
OTCiofla o^eBHflHO, hto npn no^xo^anieM ip Mnnnaa HacTb BeKTopa OKajKeTca b Pj^ , a BeniecTBennaa Tan 
coflepjKaTbca ne 6yfleT. 

10. PasjioxcHMOCTb Pt^^" • KaK 6biJio noKaBano b nynxTe |H1 b npocTpancTBe Mj^^" Majiaa rpynna £jk 
fleiicTByeT, Kax rpynna 5*0(2) . HocKOJibKy rpynna S0{2) a6ejieBa, to, xax cjie^yeT h3 jieMMbi Illypa, KOMnjieKcnoe 
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npe^CTaBJieHHe Tj^^" o6a3aHO 6biTb npHBO^HMMM. KpoMe Toro, nocKOJiBKy rpynna S0{2) KOMnaKTna, npe^CTaBJieHne 
T(^^" SKBHBajieHTHO HeKOTopoMy yHHTapHOMy H, cjieflOBaTejibHO, BnojiHe npHBO^HMO. CooTBeTCTByromne no^npe^iCTaBJienHH 
o6o3HaHHM r^+^^/" H ^c"^^^" ■ 

HTo6bi cflejiaTb stot pesyjibTaT 6ojiee KOHxpeTHbiM, BBe/ieM b BemecTBeHHOM npocTpancTBe Mj^^" opTOHopMnpoBanHbiii 
6a3HC {e*}i=i^2 • HpH stom MaTpniibi npe^CTaBJieHHa TJj^^" npHMyT bh^: 

(cos ip — sin (f \ 
sin If cos tp I 

EcjiH Tenepb b KOMnjieKCHoii njiocKOCTH Mj^''" nepeiiTH k KOMnjieKCHOMy „ cnnpajibHOMy" 6a3Hcy {e(^)}A=±i : 

e(±i) = 

TO MaTpHiibi npeflCTaBjiGHHa OKa»cyTca flHaronajibKbiMH: 

^ e-'-^ ^ 

TaKHM o6pa30M, flOKa3aHa 

T e o p e M a. UpedcmaeAeHue Tj^''" UMeem poeno dea npueodsiuiflLX nodnpocmpaHcmea: M^^^''^" u 
Coomeemcmeymmue um nodnpedcmaeAeHusi dawm e cyMMe npedcmaeAenue T^f^" ; 

T^-L/ll _ ^(+1)/!1 



B npHMeHeHHH k sjiexTpoMarHHTHOMy nojiro (cm. [IV]), npHBe^eHHaa TeopeMa osna^aeT cyniecTBOBanne njiocKHx 
MOHOxpoMaTHHecKHx BOJiH CO cnHpajibHOCTflMH +1 H —1 — (J)aKT o6ni,eH3BecTHbra. 

3aMeTHM ein;e bot hto: 

a. IlocKOJibKy B npocTpancTBe MnHKOBCKoro H3HaHajibH0 ne bbo^hjiocb HHKaKoii opneHTaiinH, na njiocKOCTH 
Mj^^" ee TOJKe neT. IIosTOMy HeB03M0}KH0 CKa3aTb, Kaxoe h3 ^syx npocTpancTB o6o3HaHaeTCfl M^.^^-*^" , a 
KaKoe . <I>HKcai];HeH sthx o6o3HaHeHHH 4)aKTHHecKH bbo^htcs opneHTaiinfl. 

6. EcjiH rpynny JlopeHLi;a pacmnpHTb ^o noAHOu rpynnbi Jlopeniia, bkjiiohhb Ty^a npocTpaHCTBennbie OTpajKennfl, 
to Majiaa rpynna TOJKe pacmnpHTCfl. IlpH 9T0M rpynna S'0(2) , ^eiicTByioinafl b hjiockocth Mj^^" pacmnpHTCfl 
^o 0(2) . Hpn OTpajKeHHflx KOMUJieKCHbie npocTpancTBa M^"*"^^^" h 6y;i,yT nepexo^HTb APyr b 

flpyra, h KOMnjieKcnoe npe^CTaBJienne b npocTpancTBe Mj^^" CTaneT yjKe nenpHBO^iHMbiM. 

11. IIoflnpe^cTaBJieHHa T^^^' vi ^'^ . B cooTBeTCTBHH c ycTanoBjieHHoii b nvHKTe [T(1l na,3.TTO>KHMOCTbTO 
4)aKTopnpeflCTaBjieHHfl TJ^^" , b KOMnjieKCHOM npocTpancTBe MnHKOBCKoro Mc mojkho Bbi^ejiHTb ^Ba flByMepHbix 
npHBOflflin;Hx noflnpocTpancTBa npe^CTaBjienHfl Tc . 3th ^Ba noflnpocTpancTBa mm o6o3Ha^HM M^^^'^ h . 
CooTBeTCTByiomHe o^noMepHbie 4)aKTopnpocTpaHCTBa M^'^'^ /M^^ — M^^^^^^^ n ^ -^'^C Smjih 

BBe^eHbi B nvHKTe nm 

Tenepb hcho, ^to b KOMnjieKcnoM cjiy^ae pa^ Q flonycKaeT ynjiOTnenne p^jmr cnoco6aMH: 

{0} = C mI C a4+^^ C C = Mc , (8) 
{0} = Ml C m| C a4"^^ C A/^ C = A//c , (9) 

B nvHKTe [T^ 6viieT noKa3aHO, ^to ^pyrnx npHBO;iflni,HX noflnpocTpancTB y KOMnjieKcnoro BBKTopHoro npe^CTaBJiennfl 

HBT. TaKHM o6pa30M, KpOMe H ^pyrHX K0MH03HU,H0HHbIX pflflOB y Hpe^JCTaBJieHHSI Tc HBT. 
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12. HepasjioxcHMOCTb npeflCTaBJieHHa Tc . HpeflnojiojKHM, hto npe^CTaBJienne Tc pasjiojKHMO, t. e. npocTpancTBO 
Mc npeflCTaBJiaeTca b BH^e cyMMM 

Mc = (B (10) 

flByx npHBOflfliiiHx noflnpocTpancTB h . Tor^a OflHO h3 sthx noflnpocTpancTB, nanpHMep , o6fl3aTejibHO 
co^epjKHT HeKOTopbiii bsktop n , ne co^epjKainHiicfl b . CorjiacHO jieMMe h3 nynKTaEl mojkho 6e3 yiri;ep6a 

fl,JISl o6lLI,HOCTH CHHTaTb, ^TO 71^™ € M-^ H ^ . 

BBeflGM Tenepb neKOTopbiH BemecTBennbiH BexTop . B cjiy^ae ecjiH BexTop n^™ ne coflepjKHTca b , 
6y^eT npocTO ;ipyrHM o6o3Ha^eHHeM ;iJia n^™ . Ecjih see ti^™ co^epjKHTca b , to 3a npHMeM 
npoH3BOJibHbra BeKTop, TaKoii, ^to £ M-^ h ^ il/Jj . 

PaccMOTpHM Tenepb no^rpynny Majioii rpynnbi £jk , ocTaBjiaioinyio BeKTop HeH3MeHHbiM. 9Ta no^rpynna, 
corjiacHO onpe^ejiennK) BexTopa , b jik)6om cjiy^ae ocTaBJiaeT HensMeHHbiM BexTop rt^™ . Hs pesyjibTaTOB 
nyHKTalHlcjie^yeT, ^to sjieMenTbi SToii rpynnbi MoryT 3a;i,aBaTbCfl neKOTopbiM BeKTopoM , Konen, KOToporo Bcer^a 
jiejKHT na neKOTopoM iiHjiHH^pe BbinojiHaeTca ycjiOBne • = const , n BexTopbi fc , n jiHHenno 
He3aBHCHMbi. Koneu; BexTopa npn stom npo6eraeT neKOTopyio npHMyio, napajiJiejibnyio k : e^(t) = e^(0)+tk . 
ypabneHHa JJ} ^jia BexTopa npnHHMaiOT bh^: 

k-n^''{t) ^ const , ■ n^''(t) ^ const , e'^ (t) ■ n^" (t) = const , {n^''{t)f ^ const . 

TpeTbe ypabneHHe mojkho pacnncaTb no;i,po6Hee: 

(6^(0) + tk) ■ n^°{t) = const . (11) 

OHeBH^IHO, ecjiH npe^inojiojKHTb, hto (n^°(t) — n^°(0)) € Af" , to ypaBHennio Ijllll npn t ^ yflOBJieTBopnTb 
HeB03M0JKH0. CjieflOBaTejibHO, noflnpocTpaHCTBO flOjiJKHO coflepjKaTb n neKOTopbiii BemecTBennbiii BexTop, 

co^epjKaniHiicfl b M-^ h ne co^epjKaniHiicfl b . Ho Tor^a, corjiacno BTopon jieMMe nyHKTa |Sl ^ojijkho 
6biTb c Mf^ , H, cjieflOBaTejibHO, c . 

BepneMca Tenepb cnoBa k KOMnjieKcnoMy BexTopy n G , y KOToporo 7i^° ^ M-^ n n^™ G Mj^ . XIocKOJibKy 
Mbi yjKe ^0Ka3ajiH, ^to C , to OTcro^a cjie^yeT, hto b co^iepjKHTCfl n TaKoii BexTop, MHHMaa ^acTb 
KOToporo paBHa nyjiio, a BeniecTBennafl coBna^aeT c Bem,ecTBeHHoii ^acTbio BexTopa n . HnaHe roBopa, ^lOKasano, 
^TO coflepjKHT BemecTBennbiii BexTop, ne coflepjKamHHCfl b M-^ . Ho Tor^a, xax cjie^yeT h3 jieMMbi nynKTaEI 
Mr C Mf^ , H, cjieflOBaTejibHO, npocTpancTBa Mj. n Mc coBna^aiOT. 

TaKHM o6pa30M, flOKa3aHa 

Jl e M M a. BcMKoe npueodnvnee nodnpocmpaHcmeo npedcmaeAeuun Tc au6o coenadaem co eceM npocmpaHcmeoM 
Mc , Au6o codepcHcumcsi e . 

Hs nee BbiTexaeT 

T e o p e M a. TIpedcmaejieHue Tc HepasAootcuMO. 

13. Hepa3Jio»CHMOCTB> npeflCTaBJieHHH T^ , T^^'' h . ^oxajKeM cnaHajia cjie^yioniyio jieMMy: 

Jl e M M a. BcjiKoe nodnpedcmaejienue npedcmaeAeuun T^ codepoKum nodnpedcmaeAeuue t| . 

HTo6bi fl0Ka3aTb STy jieMMy, o6o3HaHHM paccMaTpnBaeMoe noflnpeflCTaBjienne xax . HpHBOflflmee noflnpocTpancTBG, 
B KOTOpOM OHO ^eHCTByeT, o6o3Ha^HM M^ . 

PaccMOTpnM KaKOH-HH6y;ib HenyjieBOH BexTop n h3 no^npocTpancTBa M^ . Ecjih oh jiejKHT b M^! , to ycjiOBne 
jieMMbi BbinojiHeno. Hpe^nojiojKHM Tenepb, ^to stot BexTop ne co^iepjKHTca b M^! . 

Ecjih BCKTopbi k , h n^™ jinneHHO 3aBHCHMbi, to, corjiacno jicmmc h3 nynxTa El mojkho 6e3 ymepGa fljia 

o6lu,hocth CHHTaTb, HTO Tt^™ S Mg H n^® ^ Mg . ^ajiee, corjiacno nepBoii jienne h3 nynxTa |H1 c noMOLu,bio 
npeo6pa30BaHHH Majioii rpynnbi mojkho H3MeHHTb BexTop Tax, ^to k neny flo6aBHTCfl npoH3BOJibHbiH 

BCKTop h3 MjH . BcKTop n^™ npn stom ocTaneTca HeH3MeHHbiM. CjieflOBaTCJibno, C Mj^ , n, cjie^OBaTejibno, 
Ml C M'c . 

Ecjih jKe BexTopbi k , n^® n n^™ jinnenno nesaBncHMbi, to, Kax cjie;i,yeT h3 npe^jio^Kennii nyHKTa|Hl Bbi6Hpa5i 
noflxoflflmHM o6pa30M npeo6pa30BaHHe Majioii rpynnbi , mojkho flo6aBHTb k BCKTopy n^'^ bcktop, napajiJiejibnbiii k , 
n ocTaBHTb npn stom HeH3MeHHbiM BeKTop n^™ . Cjie^OBaTejibHO, onsTb C M^ , n Mj! C M^ . TaKHM 

o6pa30M, jieMMa ^OKasana. 

H3 flOKa3aHHOH jicmmm BbiTCKaiOT flBC TeopcMbi: 
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T e o p e M a. UpedcmaeAeHue uepaaAOCHCUMO. 

T e o p e M a. IIpedcmaeAeHUM, T^^'^ u uepaaAOCHCUMU. 

KpoMe Toro, h3 flOKasanHoii jigmmm h TeopeMbi nyHKTa El cjie^yeT 

TeopeMa. V npedcmaejieuuM, npoMe nodnpocmpaHcme m| , M^^^ 

npueodsivnux nodnpocmpaHcme nem. 

TaKHM o6pa30M, y npe^CTaBJienHfl Tc , xpoMe ijHJ h Q, APyrnx KOMno3HLi,HOHHbix pa^OB neT. 



Afi. u COMOSO Mf^; dpyzux 



14. MaTpHi^Bi npe^cTaBJieHHH Tr h Tc . Mnorne h3 nojiyi^eHHbix pesyjibTaTOB mojkho narjiH^IHO H3o6pa3HTb 
c noMombio ma6jiOHOB ^jia MaTpHu; npeflCTaBjieHHii Tu h Tc ■ Ecjih b npocTpancTBax Mr h Bbi6paTb 
noflxoflsjiiiHe 6a3HCbi, to sth ma6jiOHbi npHMyT GjiOHHO-TpeyrojibHbiii bh^: 














50(2) 
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IIpH 3TOM H3BeCTH0, HTO Ha MeCTB KajKflOH TOHKH CTOHT, BOo6iri,e TOBOpfl, HB HOJIb. 

BbiacHeHHe Toro, b xaKHx no^npocTpaHCTBax h (JjaKTopnpocTpaHCTBax ^eficTByiOT pasjiHHHbie 6jiokh sthx MaTpHu;, 



ocTaBJiaeTCH HHTaTejiio. 
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On quantization of electromagnetic field. 
VI. Quantization. 



D. A. Arbatsky* 
February 7, 2008 



' Abstract 

o : 

, Here we describe a general method of quantization of linear fields. We introduce a conception of quantization 

■ invariant with respect to action of some group. A space of quantum states of relativistic fields is constructed in 

apparently relativistic-invariant way. A connection with quantization of the field oscillator is established. We 
^ , substantiate the necessity of using an indefinite scalar product for electromagnetic field. We discuss additional 

' condition for "physically allowed" states of electromagnetic field. We discuss properties of the space of states 

of electromagnetic field from the point of view of functional analysis. We consider the question about origin of 
anti-unitary transformations in quantum field theory. 



X5 



, 1. Other approaches to quantization. Before we start description of construction of a quantized field, let us 
give here a brief comparison of our construction with other approaches to description of quantized fields. 

o ■ 

I • Method of formal manipulations. This method was used even in the earliest papers on quantum field 
theory. Its essence is that we calculate Poisson brackets for classical values and accept that for corresponding 



o 



I quantum values commutators can be calculated by the formula: 

^1 [a,b]=i{a,br. (1) 

■ Of course, this formula can not be true for all values. Nevertheless, if we use it cautiously enough, we can 
I ascertain many properties of fields, even without clarifying what they are. In fact, this approach turned out 

g ■ to be the most effective from the point of view of practical applications. 

• • ■ With regards to how Poisson brackets were calculated, it was performed in such a way that it was very difficult 

. 5^ I to see relativistic invariance even in the classical theory. Later Peierls (Ij have suggested an alternative method 

■ of obtaining commutation relations, which was apparently relativistic-invariant. The corresponding classical 
H I bracket used in the expression was even named "the Peierls bracket". A quite complicated "physical" 

. . . 1 grounding of the relations Q]), used for quantization in the Peierls method, can be found in 

The approach described is most close to ours. 

About classical description of relativistic fields we can say that invariant Hamiltonian formalism allows to 
define the Poisson bracket in apparently relativistic-invariant way. In this approach the notion of the Poisson 
bracket changes in such a way that the Peierls bracket turns out to be its very particular case. Methods of 
practical calculations of Poisson brackets were described by me in the paper [I] . 

With regards to quantization of fields, in this paper in will be performed constructively: on the base of the 
developed in [I] invariant Hamiltonian formalism, using usual algebraic methods, we will construct in this 
paper quantum fields evidently. 

• Method of box. This method was also very popular in the field theory from its birth. The essence of it is 
that we consider field not in the infinite space, but in a large box with periodical boundary conditions. So, 
the description of the field becomes similar to the description of infinite number of oscillators. 

The introduction of a box breaks the relativistic invariance in essence, and this reason is sufficient to not 
consider this method in detail. 
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Nevertheless, as a result of using this method a useful notion of the field oscillator appeared. In this connection 
we should notice that in our method we have an analogous notion (introduced in the paper [IV]). We introduce 
it in a somewhat more abstract way with the use of the notion of an induced symplectic representation. Only 
by this way it is possible to ascertain the correct group-theory nature of the field oscillator and to connect 
invariant quantizations of field with invariant quantizations of oscillator. 

• Fock construction and Wigner-Mackey theory. In the paper j^l Fock suggested that the space of states 
of a quantum field is a symmetrized tensor exponent of one-particle subspace. Later Wigner and Mackey 
developed a method of searching for all possible one-particle subspaces, based on the theory of induced unitary 
representations of Poincare group (see, for example, a review [5]). A quite detailed account of this approach 
is given in the book |7]. 

The shortcomings of this approach arc the following. First, operators of creation and destruction of quanta 
are introduced with quite complicated formulas from the very beginning. Second, even after introducing of 
these operators quite complicated reasoning is necessary for construction of local operators of field. Third, in 
this approach we can not consider fields with indefinite scalar product at all. 

In our approach the initial object is not a one-particle quantum space, but it is a classical field described by 
the language of the invariant Hamiltonian formalism. So, the second shortcoming disappears, because field 
operators are constructed during quantization. 

Operators of creation and destruction of quanta we can also introduce. And formulas for them are just the 
consequence of our algebraic construction of quantum field, and they arc not postulated from the beginning. 

With regards to quantum fields with indefinite scalar product, in our approach they appear as naturally as 
fields with positive-definite scalar product. Our scheme is really more general, and it can be seen even with 
the example of massive scalar field. Due to this generality, the scheme naturally includes electromagnetic 
field as a particular case. 

Let us notice also that in our approach there is also an analog of Wigner-Mackey theory. This is the theory of 
symplectic representations of Poincare group [IV] . The theory of induced symplectic representations is richer 
than the theory of induced unitary representations. 

• Approach connected with Stone-von Neumann theorem. In quantum mechanics when a quantum 
oscillator is studied the Stone-von Neumann theorem turns out to be useful; it says that canonical commuta- 
tion relations for coordinates and momenta uniquely define corresponding irreducible unitary representation. 
Of course, people tried to bring this approach to quantum field theory. 

But the Stone-von Neumann theorem can not be directly changed for the case of quantization of infinite 
dimensional systems (see, for example, Great researches were made to overcome this difficulty. Despite 
of their undoubted importance, I still think that they turned out to be too far from practical applications. 

It should be noticed here also that if we do not require positive-definiteness of scalar product in the space 
of states, the uniqueness of quantization is lost even in the case of one-dimensional harmonic oscillator. 
Therefore, our approach differs from this essentially: we refuse to require positive-definiteness of scalar 
product, but instead we introduce the conception of invariant quantization. 

Let us mention here the following fact. When the Stone-von Neumann theorem is formulated, it is necessary 
to write commutation relations in the form of Weyl relations. But in our approach we use commutation 
relations just for unbounded operators. And the construction of quantization rigorously define in what sense 
they must be understood. 

• Geometric quantization. The method of geometric quantization is that using geometry of the classical 
phase space we construct the space of quantum states as a some set of functions on classical phase space (see, 
for example, 

From the point of view of the invariant Hamiltonian formalism it is natural to apply this scheme to invariant 
phase space Z . But let us notice that substantial difficulties are seen immediately for this approach. First, 
it is not simple at all to make this approach mathematically rigorous for systems with infinite number of 
degrees of freedom. Second, the connection with Fock construction in this case is given by quite non-evident 
formulas. For these reasons this approach turns out to be not very convenient for practical applications. 
Third, it is not clear how we can describe by this approach the case of quantization with indefinite scalar 
product: even in the case of one-dimensional harmonic oscillator great difficulties arise with definition of 
indefinite scalar product. 

• Method of path integral. This method became very popular now because it is supposed to be apparently 
relativistic-invariant. In fact, people work with path integral as with a symbolic form of writing of some 
expressions. 



— February 7, 2008 — 



— D. A. Arbatsky "QED. VI. Quantization. 



— 2 — 



On the other hand, it is possible to consider path integral as rigorously defined mathematical object (see, 
for example, ^Ol)- But such an approach meets so substantial difficulties that we can not talk about any 
"apparent" relativistic invariance at all. 

2. Quantization. Let us describe now, how having classical field we construct quantum field. 

1. Consider the set of (complex) functions that are constant on the whole space Z . Let us denote this set as 
C . Consider also the direct sum C Q) . The Poisson bracket turns this sum into a complex Lie algebra. 

2. Disengaging now from the algebraic structure of the set C®Z^ and considering all its elements as completely 
independent let us call this set an alphabet A and its elements letters. Let us make an agreement that an 
element of C (B Z^ considered as a letter of the alphabet A will be written additionally with a "hat" on 
top or on side, for example: d — oT . 

3. Furthermore, we can introduce a formal product of elements of the alphabet. Namely, let us suppose that if 
we multiply a (finite) set of letters we get a word consisting of these letters (the order of letters is important 
here): 

oi • 02 • ■ • ■ • a/c = 01^2 ■ ■ - dk , di,d2, ■ ■ ■ ,dk e A . 

Words we will also denote by symbols with the hat, for example: w = itT . Let us denote the set of all 
possible words by the symbol W ; it is convenient to include in this set the word of zero length that we can 
denote as ()^ . It is natural to accept that the operation of multiplication works on the set of words W also, 
and it "joins" words. So, A is a system of free generators, and W is a, free semi-group with neutral element 
(the role of neutral element is played by the special element ()^). 

4. Similarly, let us define the formal sum of (finite) set of words multiplied by arbitrary complex factors. Namely, 
let us call a phrase a formal expression like: 

XlWi + X2W2 + ■ ■ ■ + XmWm , Ai, A2, . . . , A„ e C , Wi, W2, ■ • ■ , Wm e W . 

Let us also suppose two phrases to be equivalent, if for every word they have the same sum of factors for this 
word. The set of all such equivalence classes we will denote with the symbol V . 

On the set of phrases V we can now naturally introduce operations of addition and multiplication by a 
scalar. Namely, the sum of phrases is the phrase that arise if we join initial phrases by the symbol " + " . 
Multiplication of a phrase by a number is defined as multiplication of all factors by this number. So, V gets 
natural structure of complex linear space ( 7^ is a free C -module generated by W ) . 

On the set of phrases V we can also naturally introduce the operation of multiplication of two elements. 
Namely, the product of two phrases, each of which contains one word, we define by equality: 

(Aiwi) • (A2W2) = (A1A2) (i()iW2) , Ai,A2eC, wi,w2^W. 
And we spread this definition to arbitrary phrases by the requirement of distributivity: 

Pi ■ (P2 +P3) = P1P2 +P1P3 , iPl + P2) ■ P3 ^ P1P3 + P2P3 , Pl;P2,P3&'P. 

5. So, the set of phrases V becomes an (associative) algebra {V is a semi-group algebra of the semi-group W 
or a free algebra over semi- group W ). 

6. Up to now when we constructed the algebra V the alphabet A was considered as a completely arbitrary 
set. Now, using structure of Lie algebra in C © Z^ and the correspondence between the subspace C and 
the field of scalars C we can additionally bring to the algebra V some defining relations. It is performed 
by factorization of the algebra V with respect to the appropriate ideal. 

Namely, consider all phrases of the following types: 

(A a)^ —Ad, 

{a + bf- (d + 6) , 
{a , b }^+ i [db — bd) , 

i"(r- 

Here AeC, a,b £ C ® Z^ , d,b £ A . 1 — is a notation for the function that is equal to 1 on the whole 
invariant phase space Z , i. e. 1 £ C ® Z^ ] 1 — the element of the alphabet that corresponds to it, \ £ A . 
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Let us span now on these phrases the two-sided ideal, i. e. we join to them the phrases that can be made 
from the given by using finite number of operations of multipfication by a factor, addition, and multipHcation 
(from the left and the right) by arbitrary phrases. Factorizing the algebra V with respect to the obtained 
ideal we get an algebra that we will call an algebra of operators and will denote as O . The elements of this 
algebra are called operators and are denoted as phrases corresponding to them. 

The performed factorization leads to the result that in the algebra of operators we have the following defining 
relations: 

(A a)^ = A a , 
(a + bY = a + b , 
{a, 5P= -i[a,b] , 

i = (r. 

In the third relation we have used the standard notation for commutator of two operators: [a , b] = ab — ba . 

The fourth relation, in particular, allows us to escape using the cumbersome notation {J" , when we talk 
about operator and to write always 1 . 

7. Let us introduce now the operation of conjugation. This operation will be always denoted by the symbol * , 
without distinction of an object that it is applied to. 

Under conjugation of a complex number we will imply the usual complex conjugation. 

Elements of the space C ® are functions on Z . Under conjugation applied to such a function we will 
imply a transition to the function with complex-conjugate values. Obviously, in the result we also get an 
element of the space C ® Z^ . Furthermore, so far as the Poisson bracket in C ® Z^ is a complexified real 
Poisson bracket, we have the equality: 

{a\b*)^{a,by . (2) 
The definition of conjugation can be naturally spread to the elements of the alphabet A : 

To words and to phrases the operation of conjugation is spread by the rules: 

(a by — b* a* , (A a)* — X* d* , {d + by ~ d* + b* . 

Here d and b can be letters, words, and phrases; A is a complex number. 
Obviously, the operation of conjugation is correctly spread from phrases to operators. 

8. Consider now the space Z^ . Let us split it into a direct sum of two subspaces: 

Z'^ = Cr®De . 

Let us require Cr and De , first, to come to each other under conjugation: 

Cr* ^ De . (3) 
Second, let us require that the Poisson bracket on these subspaces be zero^: 

{a,5} = 0, a,b £Cr ; 

{a,6} = 0, a,b e De . 

The subspace Cr we will call creating, and De — destructing. In accordance with the construction given 
above, for subspaces Cr and De we have some corresponding subspaces in the algebra of operators; let us 
denote these subspaces Cr^ and De' , correspondingly. 

Let us introduce also a notation CT for the subspace of the algebra of operators that corresponds to the 
subspace C of the Lie algebra C . 



^Taking into account J3 and jSJ, it is enough to require that it is zero on one of these subspaces. 
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9. Let us span now the left ideal on the subspace DeT , i. e. let us join to operators there operators that are 
obtained ft'om them by finite number of operations of multiplication by scalar, addition, and multiplication 
from the left with arbitrary elements of the algebra O . 

Let us factorize now the algebra O with respect to the constructed left ideal. In result we get some linear 
space. It is not an algebra, but it is a left module, i. e. there we have a naturally defined action of operators 
from the left. Elements of this factor-space are called ket-vectors. Ket-vectors are denoted with the symbols 
like \x) , where x is any symbol describing the given vector. The space of ket-vectors is denoted Ti. and 
is called the space of states of the quantized field. 

10. We can perform the same construction with conjugate objects, i. e. instead of the subspace De^ we can 
consider the subspace Cr^ , span on it the right ideal instead of left, and, factorizing, get the right module 
instead of left. The elements of this module are called bra-vectors. And this module we will call, if it does 
not make a misunderstanding, also the space of states of the quantized field, and we will denote it also as Ti. . 

Bra- vectors are denoted by symbols like {x\ . The operation of conjugation is naturally spread to ket- and 
bra- vectors and defines the one-to-one correspondence between them. It is said that the ket- and bra-vectors, 
corresponding to each other, belong to the same state of the quantized field. 

11. When we factorize the algebra of operators O and come to the spaces of ket- and bra- vectors, the operator 
1 turns into some ket- vector | ) and bra- vector ( | , correspondingly. These ket- and bra- vectors describe 
the state which is called vacuum. 

12. Let us introduce now the so called scalar product of bra- and ket- vectors. For an arbitrary bra-vector {x \ 
and a ket- vector | y ) this product is written as {x\ ■ \ y) , or, for shortness, {x\y) . As a result we get a 
complex number, i.e. {x \ y) G C . 

Let us require that the operation of scalar product would satisfy the following properties: 



In the latter equality 6 E O ; this property allows to write in such cases simply: {x\6\y) . 

The given properties for the scalar product are defining, i. e. there is not more than one scalar product 
satisfying the given properties. 

13. The scalar product is a Hermitian form in TL , i. e. always {x\y) = {{y\x))* . If the scalar product turns 
out to be positive-definite, it defines in Ti some topology. If we complete Ti with respect to this topology, 
it turns into a usual Hilbert space. And operators appear to be defined on the corresponding dense linear 
subspace in Ti . 

But the scalar product can be not positive-definite at all: it depends on the Poisson bracket in C (B Z'^ and 
the choice of the subspaces Cr and De . The question about definition of topology in this case for example 
of electromagnetic field will be discussed in the section [TOI 

So, in this section we have described how, if we have the Lie algebra of observables of a classical field C Z^j , we 
construct the algebra O of operators of the quantum field and the space of states Ti . This construction is called 
quantization of a classical field. 

3. Graduation of algebra O and of space Ti . Connection with Fock construction. Consider now in 
the algebra of operators the subspaces CT , Cr^ and De^ . Let us call them subspaces of the grade , -fl and 
— 1 , correspondingly. Making all possible products of these operators, let us assign to each such product a grade 
that is equal to the sum of grades of factors. If two products have the same grade, let us assign the same grade to 
their sum. It is easy to see that the algebra of operators, considered as a linear space, can be represented as a sum 
of its linear subspaces belonging to different grades: 



(0|0) = 1 , 



{X{x\)-\y)^X-{x\y) , 
{x\-{X\y))=X-{x\y) , 
{{x\d) 



((^i| + (^2|)-|y) 
(^|-(|yi> + l2/2)) 
y) = {x\ • (o|y)) 



{xi\y) + {x2\y) , 
{x\yi) + {x\y2) , 



O = . . . ® 0_2 © O-i © do ® d+i © 0+2 © . . . 



And if a E Oi and b £ Oj , then ab E Oi+j . Shortly speaking, the algebra O is graded. 
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This graduation is naturally transferred to the space of states Ti . And negative grades in the space TL correspond 
to trivial subspaces. In other words, the space of states 7i is positive-graded: 

Ti; = Ho ® Hi ® ® . . . (4) 

If a ket-vector belongs to one of the subspaces 7i„ , we say that there are n particles in this state. 

It is obvious also, that all this construction is possible also for conjugate objects, and decomposition Q looks 
exactly the same for bra-vectors. 

It is not out of place to mention here that, according to the introduced definition, the number of particles is always 
non-negative, and it does not depend on whether or not the scalar product in 7i is positive-definite. 

It easy to see also that subspaces Tii and Tij are orthogonal with respect to the scalar product. In other words, if 
( a I € Hi and \h) G Hj and i ^ j , then ( a | 6 ) =0 . Taking it into account, we can write the decomposition Q 
in the form: 

H = H0+H1+H2+ . . . (5) 

In the case when the scalar product is positive-definite, the decomposition ||SJ) allows to establish connection with 
the usual Fock construction ,3^. So far as this is quite simple, we will not discuss this connection in more details. 



4. Invariant quantization. In the section |5] quantization of a classical field was described in "internal" notions 
of the invariant Hamiltonian formalism. But for the choice of the subspaces Cr and De we have not suggested 
any concrete prescription: we have just given some necessary conditions for the choice of these subspaces. In 
practice it leads to the situation that for one classical field we can get too many quantizations. 

Let us suppose now that in the space there is a linear symplectic representation of some group. Let us define 
then invariant quantization by the requirement that subspaces Cr and De are invariant with respect to the 
action of this group. In other words, Cr and De are reducing subspaces of this representation. 

When we consider relativistic fields, as a main group of invariance we have Poincare group V . A quantization, 
invariant with respect to the Poincare group we will call V -invariant, for shortness. In the paper [IV] we have 
already seen, how the Poincare group acts in the space Z^ , and how its representations are reduced. 

Quantization of relativistic fields we will consider a little later, but now we will consider quantization of the 
harmonic oscillator. Its symmetry group is just the one-parameter group of time shifts. 



5. Quantization of harmonic oscillator. Consider harmonic oscillator. It is described by the Lagrangian: 

Here ^{x) is a real function of one real argument (time). 
The equation of the motion is: 

The invariant phase space Z is a two-dimensional real space. The symplectic structure on it is given by the 
formula: 

uj = (p{t) A ip{t) . 

Here forms tp and ip are taken in the same arbitrary moment of time t . 

So far as the Lagrangian jnj is invariant with respect to time shifts, in the space Z we have the action of the 
additive group K . The field representation in this case, like in the case of relativistic fields, decomposes into 
the direct sum of positive- and negative-frequency subrepresentations: 

As a reducing basis let us take the following two elements: 

Really, so far as we have decomposition ip{t) = --^==(ae~""* + a*e"^""*) , we get that a £ Z^^^'' , a* £ Z^'" ■* . 
Symplectic structure can be written by the forms a and a* in the following way: 

uj = ia* A a . 
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The Poisson bracket of the corresponding hnear functions is: 

{ a , a* } = —i . 

So, in accordance with what we have said in the sectional we have exactly two invariant quantizations: either 

* (—^ * ('4-') * ("-(-1 * f — 1 

Cr = ^^'^ — : or C*?- — Z^^ and De = Z^^ . It is easy to see that the first quantization 

leads to positive-definite scalar product. In the case of second quantization scalar product turns out to be indefinite. 
And in the decomposition (0) on the subspaces with even number of particles the scalar product is positive-definite, 
and on subspaces with odd — negative. 

6. Connection of invariant quantizations of field and of field oscillator. A field oscillator, as a finite- 
dimensional system, is more convenient for investigation by algebraic means. On the other hand, there is a close 
connection between quantization of a field and quantization of its oscillator. 

Really, it is easy to see that the choice of K x £^.(0) -invariant creation and destruction subspaces for oscillator and 
the choice of V -invariant creation and destruction subspaces for field are connected by the operation of induction. 
So, there is one-to-one correspondence between R x C/^m -invariant quantizations of oscillator and V -invariant 
quantizations of field. 

Furthermore, corresponding quantizations of oscillator and field have in the spaces of states scalar products either 
positive-definite or indefinite simultaneously. So, we get the convenient criterion of sign-dcfinitcness of scalar 
product. 

7. Quantization of scalar field. In the paper [IV] we have shown that with respect to the action of Poincare 
group the space of linear obscrvables of scalar field Z^ decomposes into the direct sum of the two irreducible 
subspaces: Z^ — Z^^^"^ ■^c^"'' ■ there are exactly two possibilities: either we accept Cr — Z^^ and 
De — ^c^^^ ' accept Cr ~ Z^^^'' and De = Z*^^^ . According to the formulas for Poisson brackets of 
corresponding functions, obtained in the paper [IV], both decompositions satisfy all requirements of the section |21 

So, the scalar field allows exactly two V -invariant quantizations. The field oscillator in this case is just the usual 
one-dimensional real oscillator. Using results of the section O and the criterion from the section we get that 
for the first quantization the scalar product in the space Ti. turns out to be positive-definite, and for the second 
quantization - indefinite. 

The first quantization is, in fact, conventional. Nevertheless, it should not be thought that quantization with 
indefinite metric is senseless, because it leads to "negative probabilities" . In principle, we can not reject a usefulness 
of such a theory where scattering states of the field constitute a subspace where the scalar product is positive- 
definite. 

8. Quantization of electromagnetic field. Consider now quantization of electromagnetic field. Under elec- 
tromagnetic field we will imply here "non-physical" electromagnetic field [I]. 

As we have explained in the paper [IV], with respect to the action of the Poincare group V the space Z^ in 
this case, like in the case of the scalar field, decomposes into the direct sum of the two indecomposable subspaces. 
Therefore, like in the case of the scalar field, we have exactly two possibilities: either Cr = Z^ and De = 

, or Cr = and De = Z*^"^ . 

Using the criterion from the sectional we easily see that both quantizations lead to indefinite metric. Later on we 
will consider only the first of the two quantizations, because this quantization has useful physical interpretation. 

The indefiniteness of the scalar product leads, of course, to difficulties with probability interpretation. 

In the paper [I] we have pointed out that scattering states of the classical electromagnetic field satisfy additional 
condition — the Lorentz condition. It is natural to suppose that in the quantum theory there is some analog of 
this condition. It is important to emphasize, that this condition must appear in the quantum theory not as a new 
postulate: it must be derivable from the dynamical laws, like we have done it for the classical field. Unfortunately, 
we do not have a satisfactory theory of interacting fields yet. Because of this reason, we will not give here any 
derivation^. The desired condition is: 

- ifc^a|,+)(fc)|rad) =0 . (7) 



formal derivation, of course, was present even in 1111 . On the other hand, it is possible to appeal to Feynman rules, but this 
rules need grounding from the point of view of this paper. 



— February 7, 2008 — 



— D. A. Arbatsky "QED. VI. Quantization. 



— 7 — 



So, a vector of state of radiated field satisfies this equality for any k . 

The given condition looks the same like one of versions of this condition in the classical theory. Nevertheless, it 
should be noticed that it can not be written (fc) I rad ) = or as — ikf^a^{k) \ rad ) = , because 

even the vacuum does not satisfy these conditions^. 

Now we will show that the condition Q leads to positivity of scalar product. 

9. Positivity of scalar product of electromagnetic field. ^ Consider the field oscillator of electromagnetic 
field. Let us write here, for shortness, instead of a^{-\-\) and a* instead of a^(— 1) . These operators satisfy 
relations: 

[a*,a^]=5^^, [a*,a*]=0, [ap,a,,]=0. 
For the quantization under consideration we also have: 

ap|0) = . 

The additional condition takes the form: 

fcfajrad)=0, (8) 

here is a fixed vector on the light cone. The subspace of the vectors of states satisfying this condition we will 

denote W'^ . 



So far as the operator k^^^ ai^^ has a definite grade (its grade is equal to — 1 ), the graduation of the space of states 
H. is transferred to the space : 

In other words, the subspace, defined by the additional condition also decomposes into the orthogonal sum of 
states with definite number of particles. 

So far as the sum is orthogonal, it is enough to prove the non-negativity of the scalar product for each of the 
subspaces Ti]^^ . 

An arbitrary state vector | n ) from the subspace Ti.]^'^ can be represented in the form: 

\n) ^ Tf,„...palal . . . a* | ) , 

here T^i,y...p is an n -valent tensor. This tensor can be supposed to be symmetrical, without loss of generality. 
The condition JHJ for the vector | n) turns out to be an additional condition for the tensor T^^,,,p : 

kfT^....p = . (10) 



^In coordinate representation tiie condition — ik^ afi{k) |rad) = looks as dpAfi{x) |rad) = . In literature even up to now 
there is no unity of opinions on whether or not it is possible to formulate the additional condition in this way. In this way, on the 
grounding of analogy with the classical field, it was formulated even by Fermi. It was pointed out in the papers 1121 1131 that such an 
additional condition leads to difficulties with normalizability of states in the quantum case. In the paper 1141 it was substituted with 
dp yi^^'(x) I rad) = . Later in literature some authors used condition dp Ap{x) \ rad) = llSlllbllTTI . Other 1181 pointed that such 
a condition can not be applied, because there appears some contradiction with commutation relations. The other authors 1191 claimed 
that such a condition can be used, but special care is needed, because allowed vectors of states turn out to be not-normalizable. These 
differences of opinion have quite deep reasons: 

1. No exact meaning was put into the term "quantization". In fact, quantized electromagnetic field was studied by formal manipu- 
lations with algebraic symbols, but it was not given any constructive definition of this object. In such a situation the additional 
condition in any form is not free from criticism. 

2. There is no satisfactory formulation of the theory of interacting fields (even in the frame of perturbation theory). And the 
Feynman rules do not have any clear connection with the operatoral formalism, and operatoral formalism turns out to be 
separated from practical calculations (from scattering theory, first of all). 

With regards to the first remark, I believe, the relation dp Ap{x)\ra,d) = does not contradict directly to the commutation 
relations. It is possible to say only that the construction of quantization presented in this paper is badly co-ordinated with such a 
condition. 

The second remark is, of course, more important. When we considered the dynamics of the classical field, it was pointed out that the 
additional condition for scattering states automatically follows from dynamics, and it is not an arbitrary postulate. We have also clearly 
shown the role of the "non-physical" degrees of freedom. And though in this paper we still do not formulate a theory of quantum 
interacting fields, nevertheless, arguments based on analogy with the classical theory give us reasons to think that construction of 
theory with condition dp Ap{x) \ rad) = is not a realistic task. 

*The contents of this section does not have any deep connection neither with constructivity of quantization, nor with algebraic, nor 
with topological questions discussed in the present papers. The only reason why we discuss here this old (and very simple) question is 
that in all sources that I know an erroneous proof is given (for some reason people think that positivity of a quadratic form on vectors 
of some basis necessarily leads to positivity of the form in general). 
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The scalar product for the vector | n) muhiphed by itself is: 



(n|n) = (-l)"n! • T;,..., T^,...p . (11) 

The value (— l)"7i! • T*jj pT^^ p is a sum of positive numbers, some of them are included in the sum with the 
sign "plus" , and some of them with the sign "minus" . This sign is defined by the relativistic summation rule by 
repeated indexes and by the factor (— l)" . Let us show that this sum is non- negative under condition (|1U|) . 

So far as the construction of the space of states is invariant with respect to the choice of the vector k^p'^ , this 
vector can be supposed to be equal: 

= ( fco I fco )^ . (12) 

Consider now in the sum (fTT|l all addends of the type (—1)" n\ ■ Tq^, p Toy...p . Because of ifTHIl and (fl^ . they are 
completely neutrahzed by the addends of the type (— l)"n! • T^i,,,,pT'iu...p ■ 

Among remaining addends let us consider addends of the type (— l)"n! • T*q pTpo...p . They are completely 
neutralized with the remaining addends of the type (— l)"n! • T*^ pTpz...p ■ 

Et cetera. Finally, in the sum there remain only addends that have indexes 1 or 2 . All these addends are 
included in the sum lfTT|l with the sign "plus" . 



10. Topology and completeness of invariant phase space of electromagnetic field. When we studied 
the invariant Hamiltonian formalism, at the beginning we included into the invariant phase space Z only solutions 
of the equations of the motion that are smooth in coordinate representation and finite in space direction. But the 
question about what topology should be really introduced in the space Z we have not discussed at all. In fact, we 
have not given even an exact definition of the space Z* ; we have not clarified, how exactly the functional spaces 
Z and Z* turn out to be isomorphic; an exact definition of the Poisson brackets on Z* was not given also. In 
this section we will show, that in the space Z we can introduce such a topology (and to complete it with respect 
to this topology), that it becomes very similar to the Hilbert space. And all necessary for invariant Hamiltonian 
formalism properties of this topology will be satisfied. 

A symplectic structure itself does not define a topology. But between elements of the classical phase space Z and 
one-particle states of a quantized field there exist one-to-one correspondence: 

c ^ (/-^c)-|0) . (13) 



Consider now the scalar field as an example. Among its invariant quantizations there is a quantization with 
positive-definite scalar product. The correspondence firstly, introduces a complex structure in the space Z , 
and secondly, transfers there the scalar product from the one-particle quantum space TLi . So, Z has natural 
structure of complex Hilbert space^. 

The symplectic structure turns out to be continuous with respect to the pair of its arguments with respect to 
the obtained topology; the symplectic structure defines the isomorphism of the spaces Z and Z* ; the Poisson 
brackets are correctly defined on the whole Z* . 

Let us represent now the scalar field in the Fourier representation in the form: 

^(/c) = 2tt 5{k^ -m^) ■ a{k) . 
The correspondence (|13|) can be written more manifestly as: 

c< — > [ dfi+-ia{k)^-a*{k) \0) , here ^ ■ 27r S{k^ - m^) ■ 9 (k) . 

J (271')'' 

And the scalar product in the space Z takes the form: 

{c,d)= f d^,+ ■a*{k)^■a{k)^ . (14) 



^The obtained topology is the most natural for quantization. Bohr and Rosenfeld I2UI noticed that for consideration of the quantized 
electromagnetic field it is necessary to perform an averaging of the field in a small space-time volume: the symbol Ap{x) itself is not 
a physical value. Our consideration shows that this statement is in the same way true for the classical field also, if its phase space is 
provided with the "proper" topology. 
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The one-to-one transference of this scheme to the case of electromagnetic field appears to be impossible, because, as 
we have seen, among V -invariant quantizations of electromagnetic field there are no quantizations with positive- 
definite scalar product. 

But here is another opportunity. Let us represent electromagnetic field in the Fourier representation as 

I^(fc) = 27r(5(fc2).a^(fc) . 

By analogy with the formula H14() let us introduce in the classical phase space Z of electromagnetic field a scalar 
product by the formula: 

(c,d)= Jdfi+-AUp-a:{k)^-apik)^. (f5) 

Here M^p is an arbitrary positive-definite Hermitian matrix. In the capacity of such a matrix we can take, for 
example, M^p = diag {+1, +1, +1, +l)^p ■ 

The scalar product (|15|l is positive-definite. Therefore it defines some topology in the space Z . The important is 
the fact that this topology does not depend on the concrete choice of matrix M^p . 

From this it follows that the introduced topology is relativistic-invariant. 

With respect to the introduced topology the symplectic structure turns out to be continuous with respect to the 
pair of its arguments; the symplectic structure defines an isomorphism of the spaces Z and Z* ; the Poisson 
brackets turn out to be correctly defined on the whole Z* . 

So, the invariant phase space of electromagnetic field has natural structure of linear complex topological space, and 
the topology there is defined by a set of equivalent (in the sense of topology) scalar products. Such spaces we will 
call spaces of Hilbert type. 

11. Tensor product of spaces of Hilbert type. Now we will show that tensor product of spaces of Hilbert 
type is a space of Hilbert type. 

Consider two such spaces X and Y . Their tensor product (more exactly, algebraic tensor product) is defined as 
follows. 

Consider all formal products of the type x oy , where x G X and y G Y . We will call such products pairs. Let 
us suppose that pairs can be formally multiplied by complex numbers forming expressions of the type: X - xo y . 
And consider all formal sums of the type: 

Xl-XiOyi+\2-X2 0y2 + ■■■ + Xn-XnOyn ■ 

Let us consider two such sums to be equivalent, if they have the same sums of factors for each pair. So, we come 
to the complex vector space that we denote as XoY (this is a, free C -module generated by the Cartesian product 
X xY). 

In the constructed space consider elements of the type: 

I • (Aa;) o y — X ■ X o y , 

1 ■ X o (Ay) — X ■ X oy , 

I ■ {xi + X2) o y - I ■ xi o y - 1 ■ X2 o y , 

1 ■ X o {yi + y2) - I ■ X o yi - 1 ■ X o y2 . 
The linear shell of these elements we denote as XoY. 
Factorizing XoY with respect to XoY we come to the tensor product: 

X ®Y ^ {X oY)/{X oY) . 

For shortness, let us introduce the notation x^y . Namely, let us suppose that under the defined factorization an 
element 1 • a; o y of the space XoY transfers into the element x y of the space X (E)Y . 

If X and Y are usual Hilbert spaces, then, as it is known, their tensor product X (E)Y has natural structure of 
Hilbert space. The scalar product in X ^Y in this case at the beginning is defined for pairs by the formula: 

( xi (g) yi , a;2 (8) 2/2 )x0Y = ( a;i , 0:2 )x ■ ( yi , y2 )y , (16) 
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and for other elements it is spread by the requirement of linearity with respect to the second argument and anti- 
linearity with respect to the first. Performing completion of X ®Y with respect to the given scalar product we 
come to Hilbert space. 

In the case of spaces of Hilbert type each of the spaces X and Y has many equivalent scalar products. The 
space X ®Y ,iw accordance with the given scheme, gets many scalar products. Let us show that all these scalar 
products are equivalent. 

So, suppose that in one of the two spaces, for example in X , we change the scalar product {■ , ■)x to equivalent 
scalar product ( • , ■)x ■ And the scalar product ( • , • )x^y in the space X i^Y changes to ( • , • )x0Y ■ 

Consider some element of the space X iS)Y : 

Z = Xi ® yi + X2 ® y2 + ■ ■ ■ + Xn ® Vn ■ 

It is easy to see that this element can be represented in such a form that in this sum all 2/1 , y2j • ■ • i ?/« are orthogonal 
to each other with respect to the scalar product in Y . Then the scalar products of this element with itself take 
especially simple form: 

( Z , Z )x®Y = {Xl , Xi)x ■ {yi , yi)Y + {X2 , X2)x ■ {y2 , y2)Y + ■ ■ ■ + {Xn , Xn)x ■ {Vn , yn)Y , (17) 
( Z , Z )x(g,Y = {Xi , Xi)x ■ {yi , yi)Y + ix2 , X2)x ■ {y2 ; y2)Y + ■ ■ ■ + (Xn , X„)x ■ {yn , yn)Y ■ (18) 

A convenient necessary and sufhcient criterion of equivalence of scalar products ( • , • )x^y and ( • , • )x^y is the 
following: there exists such e G R , e > , that for any z E X ^Y we have the following conditions: 

£ • ( Z , Z )x(g,Y < {z , Z )x(g,Y , £ ■ {z , z )x(»y < {z , Z )x(g,Y ■ 

But if such e exists for the scalar products ( • , ■)x and ( • , ■)x , then in accordance with formulas (|17|l and 
(|18|l . it is appropriate also for the scalar products ( • , • )x(sy and ( • , • )xt^Y ■ 

So, all scalar products in X ®Y are equivalent. Performing completion of X ®Y with respect to the topology 
defined by these scalar products we come to the space of Hilbert type. 

12. Topology of space of states of quantized electromagnetic field. As we have seen, the space of states of 
quantized electromagnetic field 7i decomposes into orthogonal sum of subspaccs with definite number of particles: 

H ^ Ho+Hi+n2+ ■ . . (19) 
The space Hq is one-dimensional. So, the question about its topology does not arise. 

The subspace Hi , as it was shown in the sectional can be in fact identified with the phase space of the classical 
field Z . It is the space of Hilbert type. So, the question about its topology is also solved. 

Consider now the tensor product of the space Z with itself: Z ® Z . There we have naturally defined action of 
the group of transpositions of two elements. The simplest elements are transformed under action of this group as 
a ^ — > 6 a , and to other elements this action is spread by linearity. 

Let us choose among the scalar products in the space Z ® Z only those invariant with respect to the action of 
the group under consideration. In practice it is convenient just to restrict ourself with the products for which in 
the right part of the formula we have product of the same scalar products. 

Then the group of transpositions acts unitarily^ in Z ® Z . And Z ® Z decomposes into the orthogonal sum of 
two invariant subspaces: symmetric and anti-symmetric. 

Each of these two subspaces inherits topology from Z ® Z . 

It is easy to see that the two-particle quantum space 7^2 can be naturally identified with the symmetric subspace 
in Z ® Z and therefore it gets corresponding topology. 

Et cetera, n -particle subspace 7i„ is identified with fully symmetric subspace of n -th tensor power of Z . And 
inherits topology from there. 



®Under unitary transformation of a space of Hilbert type we imply an automorphism of this space, i. e. one-to-one transformation 
on itself preserving linear structure and each of scalar products. 
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So, each of the subspaces in the orthogonal sum H19|) is a space of Hilbert type. From practical point of view it is 
very convenient, because for practical applications it is much easier to define the described spaces using bases (and 
not as factor-spaces of free modules). 

Consider now the space 7i as a whole. Using topologies introduced in its subspaces we can introduce different 
topologies in the whole space. For example, convergence of a directed set to zero can be understood as independent 
convergence to zero of all projections of this set. Such a topology seems to be the most natural in this case. 

On the other hand, this requirement can be strengthened if we require additionally, for example, that starting from 
some moment only finite number of projections of the directed set differ from zero. 

So, there are many natural topologies in Ti. . And the space Ti. is not a space of Hilbert type. 

In this connection I want to pay attention to the following. In the paper of Gupta jl4j it was suggested to quantize 
electromagnetic field in usual Hilbert space with positive-definite metric. In fact, it is possible to do so considering 
quantizations invariant with respect to a more narrow group than the Poincare group (namely, with respect to 
the subgroup of the Poincare group that leaves the direction of the time axis unchanged). The subspaces with 
fixed number of particles turn out to be the same, in fact, that we constructed above. But the whole space Ti. 
acquires such a topology that is not relativistic-invariant. And it turns out that some states of the field belong 
to the Hilbert space in one frame of reference and do not belong in other. So, the old Gupta formalism is not 
relativistic-invariant, even implicitly. 

In his later papers Gupta tried to refuse from forced introduction of a sign-definite metric. But his last paper 
on this topic '22' clearly showed that he still had no apparently relativistic-invariant construction of quantized 
electromagnetic field (to say nothing of the problems with functional analysis). 

13. About origin of anti-unitary transformations. In accordance with the introduced procedure of quan- 
tization, linear transformations of observables of a classical field that preserve Poisson brackets and the subspaces 
Cr and De generate unitary transformations of states of the quantized field. But it is known that in quantum 
theory an important role is played also by anti-unitary symmetry transformations. Consider their origin on the 
example of the operation of time reversal — T . 

Suppose that the Lagrangian of a classical field is T -invariant (as examples we can use scalar and electromagnetic 
fields). Then the action turns out to be T -invariant also. Therefore, field functions satisfying the stationary 
action principle under the operation of time reversal transfer into functions that also satisfy the stationary action 
principle. 

So, from the point of view of invariant Hamiltonian formalism, the operation of time reversal is a one-to-one 
transformation of the phase space Z on itself. And how does the symplectic structure change? It is obvious 
from the variational definition of symplectic structure that it changes sign. It seems to be natural to call such 
transformations, that change sign of symplectic structure, anti- symplectic. 

Consider now conjugate action of the operation of time reversal on elements of the conjugate space : 

a — > aT , a,aT (z Z^ . 
The Poisson bracket changes sign under such a transformation: 

{ar , br} ^ ~ {a, b} . 
So, the operation of time reversal generates the automorphism of the Lie algebra C (B Z^ . 

In accordance with the procedure of quantization described in this paper, it is natural to wish to construct corre- 
sponding automorphism of the algebra of operators O for the quantized field. But it is impossible to do it. The 
reason is that for construction of the algebra of operators we used not only the structure of the Lie algebra of the 
set C but also the special correspondence between the subspace C and the set of scalars C (the relation 
1 = 0^ ). It means that for bringing of the operation of time reversal to the quantum case we need some additional 
conventions, besides operation of quantization that we have already introduced. 

Let us agree that words (i. e. elements of the semi-group W ) under time reversal are transformed in accordance 
with the following formula: 

ab . . .c — > ct . ■ .bxciT , a,b, . . . ,c,dT,bT, ■ ■ ■ ,ct G A , 

i. e. every letter is substituted by the corresponding, and after that letters are written in the reverse order. It is 
obvious that time reversal acts on a product of two words in the following way: 

T 

pq >qTPT, p,q,pT,qT ■ 
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A one-to-one transformation of a semi-group on itself that satisfies such a property can be called an anti-automor- 
phism. 

The constructed anti-automorphism of the semi-group of words W by linearity spreads to anti-automorphism of 
the algebra of phrases V . Furthermore, it is easy to check that this anti-automorphism of the algebra of phrases 
generates an anti-automorphism of the algebra of operators O . 

Suppose now that under time reversal creation subspace Cr and destruction De transfer to one another. This 
condition is usually satisfied because these subspaces are negative- and positive-frequency, correspondingly. The 
left ideal spanned on De" under time reversal transfers into the right ideal spanned on Cr^ . The constructed by 
factorization left module transfers into the corresponding right module. 

So, the operation of time reversal defines the one-to-one linear correspondence of ket- and bra-vectors^. 
As it can be easily seen, the scalar product is preserved under time reversal: 

{x\y)^{yT\xT) ■ (20) 

So far as there is a one-to-one anti-linear correspondence between ket- and bra-vectors, we could make all our 
discussion inside one space, for example, the space of ket-vectors. Then the operation of time reversal could 
be considered as one-to-one anti-linear transformation of this space. The relation H20() shows that under this 
transformation the scalar product changes to complex-conjugate. A transformation satisfying such properties is 
called anti-unitary. 

At the end I want to thank V. M. Shabacv, L. D. Faddeev, V. A. Franke, V. D. Lyakhovsky, L. V. Prokhorov, 
V. V. Vereschagin and Yu. M. Pis'mak for fruitful discussions. 
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O KBaHTOBaHHH SJieKTpOMarHHTHOrO nOJIH. 

VI. KBaHTOBaHHe. 



JJ,. A. ApSaTCKHH* 
7 (t)eBpajia 2008 r. 



AHHOTai^Ha 

OnHcana o6maa MeTOflHKa KBaHTOsaHHa jiHHeiiHBix nojieii. BsefleHa KOHL(enL(Ha KBaHTOBaHHH, HHBapHaHTHoro 

HO OTHOnieHHK) K fleftCTBHIO HeKOTOpOH rpyHHBI. 5IbH0 pejiaTHBHCTCKH-HHBapHaHTHO CTpOHTCa HpOCTpaHCTBO 

KBaHTOBBix cocToaHHH fljia pejiaTHBHCTCKHx HOJieH. ycTaHaBJiHBaexca CBasB c KBaHTOBanneM HOJieBoro ocL(HJiJiaTopa. 
06ocHOBBiBaeTca Heo6xoflHMOCTB HCHOJiB30BaHHa HHflecJjHHHTHoro CKajiapHoro HpoH3BefleHHa fljia gjieKTpoMarHHTHoro 
HOJia. 06cy5KflaeTca flOHOJiHHTejiBHoe ycjiOBne na „(J)H3HHecKH flonycTHMbie" cocToaHna sjieKTpoMarHHTHoro 
nojia. 06cy5KflaiOTCa CBoiicTBa npocTpanCTBa cocTOaHHii ajieKTpoMarHHTHOro nojia c tohkh spenna (JjyHKiiHOHajiBHOro 
anajiHsa. PaccMOTpen Bonpoc o npoHCxoacfleHHH aHTnyHHTapHBix npeo6pa30BaHHH b KBaHTOBoii TeopnH nojia. 

1. ^pyrne no^xoflti k KBaHTosaHHio. IlpejKfle hbm npncTynaTb k onncaHHio kohctpykiihh KBaHTOBanHoro 
nojifl, fla^HM KpaTKoe cpaBHeHne Hameii kohctpykiihh c flpyrnMH HSBecTHMMH noflxoflaMH k onncaHHio KBaHTOBbix 
nojieii. 

• MeTOfl (JjopMajiBHBix MaHHnyjiai];HH. 3tot MeTO^ npHMenajica yjKe b caMbix pannnx pa6oTax no KBaHTOBofi 

TeOpHH nOJIH. ErO CyTb COCTOHT B TOM, T^T06bI Bbl^^HCJIflTb CK06kH HyaCCOHa KJiaCCHneCKHX BejIH^HH H CHHTaTb, 
HTO fSJlR COOTBeTCTByromHX KBaHTOBbix BejIHHHH KOMMyTaTOpbl BblHHCJiaHDTCfl nO (jjOpMyjiei 

[a,b]=t{a,br. (1) 

IlpHBefleHHaa (jDopMyjia, KOHe^HO, ne MOJKeT BbinojiHHTbCfl ^Jia Bcex BejiHHHH. Ten ne Menee, ecjin ee npHMenaTb 
floCTaTOHHO ocTopojKHO, TO MOJKHO BbiflCHHTb MHorHG CBOHCTBa KBaHTOBaHHbix nojiefi, npH 9T0M Boo6iri;e He 
yTO^naa, ^^to ohh h3 ce6fl npe^iCTaBJiaiOT. 9tot nyTb, b ^eficTBHTejibnocTH, OKasajica caMbiM npo^yKTHBHbiM 

C TOHKH 3peHHfl npaKTHHeCKHX HpHJIOJKeHHH. 

Hto KacaeTca Toro, xax Bbii^HCJifljiHCb cko6kh IlyaccGHa, to ^ejiajiocb 3to TaKHM o6pa30M, hto ycMOTpeTb 
pejiHTHBHCTCKyio HHBapHaHTHOCTb flajKB B KJiaccH^ecKOH TBopHH 6biJio OHCHb Tpy^HO. BnocjieflCTBHH, npaB^ia, 
Haiiepjic ^ npe^jjiojKHJi ajibTepnaTHBHbiii cnoco6 ycTaHOBJienna KOMMyTan,HOHHbix cooTHomenHii, KOTopbiii 
6biji flBHO pejiHTHBHCTCKH-HHBapHaHTHbiM. CooTBeTCTByK)m,aa KJiaccH^ecKafl CKo6Ka, (JjHrypHpyioniafl b BbipajKennH 

6bijia flajKe nasBana „CKo6Koii Ilaiiepjica". /Jobojibho cjiojKHoe „ 4)H3H^ecKoe" o6ocHOBaHHe cooTHomeHHii 
l|T]l. HcnojibsyeMbix npn KBaHTOBaHHH ho MeTO^y Xlaiiepjica, HMeeTca b [2]. 

OnHcaHHbiii no^xofl naM HaH6ojiee 6jih30k. 

OTHOCHTejibHO KjiaccH^ecKoro onncaHHa pejiHTHBHCTCKHx HOJiefi mojkho CKaaaTb, ^to HHBapHaHTHbiii raMHjibTOHOB 
(J)opMajiH3M no3BOJifleT onpe^ejiHTb CKo6Ky HyaccoHa nojiHOCTbio pejisTHBHCTCKH HHBapnaHTHO. IIpH TaxoM 
HO^xo^e noHaTHe cko6kh HyaccoHa BH^0H3MeHaeTCfl TaKHM o6pa30M, ^to CKo6Ka naiiepjica OKasbiBaeTca 
ee oneHb ^acTHbiM cjiy^aeM. MeTO^HKa npaKTHnecKoro BbiHHCJieHHfl cko6ok IlyaccoHa b HKBapnaHTHOM 
raMHjibTOHOBOM 4)opMajiH3Me 6bijia naMH onHcana b CTaTbe [I]. 

Hto KacaeTCfl KBaHTOBaHHH HOJiefi, to b ^lanHoii CTaTbe oho 6y;ieT HpoH3BefleHO KOHcmpyKmueHo: na ochobb 
pa3BHToro B [I] HHBapnaHTHoro raMHJibTOHOBa 4)opMajiH3Ma, HCH0Jib3yfl o6biT^Hbie ajire6paHHecKHe MeTO^bi, 
Mbi nocTpoHM B SToii CTaTbe KBaHTOBannbie hojia abho. 

• MeTOfl HmHKa. 9tot MeTOfl TaKJKe 6biji nonyjiflpen b TeopHH hojia co Bpenen ee 3apo>KfleHHH. Oh coctoht 
B TOM, ^To6bi paccMaTpHBaTb nojie ne b 6ecK0HeHH0M npocTpancTBe, a b 6ojibmoM amHKe c HepHOflH^^ecKHMH 
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rpaHHT^HbiMH ycjiOBHaMH. IIpH 3TOM onHcaHHe nojia CTanoBHTCfl noflo6HO onHcaHHK) 6ecKOHeT^Horo KOJiH^ecTBa 

OCLI,HJIJiaTOpOB . 

BBe^eHHe amHKa npHHiinnnajibHO paspymaeT pejiHTHBHCTCKyio nHBapnaHTHOCTb, h yjKe 3Toii nprnvmbi ^ocTaTOHHO, 

HT06bI He paCCMaTpHBaTb 3TOT MeTO^I s^ecb B no^po6HOCTflx. 

OflHaKO, B pesyjibTaTe npHMeHenHH SToro MeTO^a boshhkjio nojiesHoe nonaTHe nojieBoro ociiHjijiHTopa. B 
3T0M njiane cjie^yeT saneTHTb, ^^to b HameM MeTO^e HMeeTca anajiorH^Hoe noHHTne (BBe^eHHoe b CTaTbe [IV]). 
y Hac OHO BBO^HTca HecKOJibKO 6ojiee a6cTpaKTH0, c noMombro noHATHfl HH^yiinpoBaHHoro CHMnjieKTHHecKoro 
npe^ICTaBJieHHfl. Tojibko TaKHM nyieM bo3mo}kho ycTanoBHTb npaBHJibHyio TeopeTHKO-rpynnoByio npnpo^iy 

nOJieBOrO OCIIHJIJIflTOpa H CBSSaTb HHBapnaHTHbie KBaHTOBaHHH nOJia C HHBapnaHTHblMH KBaHTOBanHflMH 

ociiHjijiflTopa. 

• KoHCTpyKi];Ha 3»oKa h Teopna BHrnepa-MaKKH. B pa6oTe ^ <I>ok yxasaji, hto npocTpancTBO cocToaHHH 
KBaHTOBaHHoro nojia ycTpoeno xax CHMMeTpHSOBaHHaa TeHSopnaa aKcnoneHTa oflHO^^acTH^^HO^o noflnpocTpancTBa. 
BnocjieflCTBHH BHrnepoM h MaxKH 6biji pa3pa6oTaH MeTOfl noncKa BceBOSMOJKHbix 0flH0^^acTH^^HbIx noflnpocTpaHCTB, 
ocHOBaHHbiii Ha TeopHH HH^yiiHpoBaHHbix yHHTapHbix npeflCTaBJieHHH rpynnbi HyaHKape (cm., nanpHMep, 
0630P j^). BecbMa no;ipo6Hoe coBpeMeHHoe HSJiojKeHHe SToro no^xo^a HMeeTca b KHHre [J]. 

He^ocTaTKH SToro noflxofla coctoht b cjieflyiomeM. Bo-nepBbix, onepaTopbi pojKfleHHH h yHHHTOJKeHHfl KBaHTOB 
c caMoro na^ajia BBO^HTCij c noMombio flOBOJibHO cjiojKHbix 4)opMyji. Bo-BTopbix, ^ajKe Kor^a BBe^enbi Taxne 
onepaTopbi, Tpe6yK)Tca BecbMa sanyTannbie paccyjK^ieHHfl, HTo6bi nocTpoHTb h3 hhx jiOKajibHbie onepaTopbi 
noAH. B-TpeTbHx, npH TaKOM noflxofle BOo6iri;e Bbina^aiOT h3 paccMOTpenHfl nojifl c HHfle4)HHHTHbiM CKajiapHbiM 
npoH3BefleHHeM . 

B HameM no;ixo;ie hcxo^hmm o6T3eKTOM BbiCTynaeT ne opfio^a.CT:w^YLoe KBaHTOBoe no^npocTpaHCTBO, a KJiaccH^ecKoe 
nojie, onHcaHHoe na fl3biKe HHBapHaHTHoro raMHJibTOHOBa 4)opMajiH3Ma. IIpH stom BTopoH ne^iocTaTOK aBTOMaTHHecKH 
HC^e3aeT, t. k. noABjieHHe nojieBbix onepaTopoB y nac npoHCxo^HT cpasy jkg npn KBaHTOBaHHH. 

OnepaTopbi pojKfleHHfl h yHH^TOJKeHHfl KBanTOB y nac TaKJKe MoryT 6biTb BBe^jenbi. IIpH stom (J)opMyjibi 
fljia HHX BbiTexaroT h3 caMoii ajire6paH^ecKOH KOHCTpyKH,HH KBaHTOBanHoro nojia, a ne nocTyjinpyroTCfl 
H3Ha^ajibH0. 

Hto KacaeTca KBaHTOBannbix nojien c HH^eejanHHTHbiM CKajiapHbiM HpoH3Be;ieHHeM, to ohh y nac B03HHKaK)T 
CTOJib }Ke ecTecTBeHHO, KaK H HOJifl c HOJiojKHTejibHO-onpe^iejieHHbiM CKajiapHbiM HpoH3BefleHHeM. Hama 
cxGMa fleiicTBHTejibHG flBjiaeTca 6ojiee o6iri;eH, xax b stom mojkho y6eflHTbCfl yJKe na npHMepe MaccHBHoro 
CKajiflpHoro nojifl. Bjiaro^apfl SToii oGiuhocth, cxeMa coBepmeHHO ecTecTBBHHO BKjiio^aeT b ce6fl sjieKTpoMarHHTHoe 
nojie KaK nacTHbiii cjiyHaii. 

Otmbthm TaKJKG, ^TO B HameM noflxofle HMeeTca TaKJKe h anajior TeopHH BnrHepa-MaKKH. 3to TeopHa 
HH^yilHpoBaHHbix CHMHjieKTHHecKHx Hpe^CTaBjieHHH rpynnbi HyaHKape [IV] . TeopHH HHflyiinpoBaHHbix CHMHjieKTH^ecKHx 
npeflCTaBjieHHH flBjiaeTCfl 6ojiee 6oraTOH, ^eM Teopna HHflyiinpoBaHHbix ynnTapHbix npe^CTaBjieHnn. 

• Iloflxofl B Ayxe TeopeMbi CToyHa-(J)OH HeHMana. B KBaHTOBoii MexannKe npn HsynennH KBaHTOBoro 
ocn,HJiJi5iTopa OKa3biBaeTCfl nojie3HOH TeopeMa CToyHa-(J)OH HenMana, yTBepjKflaioinaH, ^to KaHonnnecKne 
KOMMyTan,HOHHbie cooTHomeHHH pjiR KOop^HHaT H HMnyjibcOB o;i,H03HanHO onpe^ejifliOT cooTBeTCTByiom,ee 
HenpHBO^IHMoe ynnTapHoe npe;i,CTaBJieHHe. EcTecTBenHO, stot no^xofl nbiTajincb nepenecTn na KBanTOByio 
Teopnio nojifl. 

Ho TeopeMa CToyna-c^DOH HenMana na cjiy^aii KBanTOBanna cncTeM c 6ecKoneTrHbiM tthcjiom CTeneneii CBo6oflbi 
nenocpeflCTBenno ne nepenocHTCa (cm., nanpnMep, BbiJin npoBe;i,enbi 6ojibmne HCCJie^OBanna c n,ejibio 
npeoflOJieTb STy Tpy^nocTb. HecMOTpa na nx necoMnennyio iiennocTb, ^yMaeTCii Bce jkb, hto onn 0Ka3ajiHCb 
cjinmKOM OTopBannbiMn ot npaKTn^ecKnx npnjiojKeHHH. 

Sflecb CTOHT TaKJKe OTMeTHTb, ^TO ecjin OTKa3aTbCfl OT nojiojKnTejibnoH onpe^ejiennocTn CKajiapnoro npon3Be^eHH5i 
B npocTpancTBe KBanTOBbix cocTOflnnn, to e^nncTBennocTb KBanTOBannii napymaeTca y>Ke b cjiynae oflnoMepnoro 
rapMOHH^ecKoro ociinjijiHTopa. HosTOMy nam nyTb OTjinnaeTCfl ot onncannoro npnniinnnajibnbiM o6pa30M: 
Mbi 0TKa3biBaeMCfl OT Tpe6oBaHH5i nojioJKnTejibnoH onpe^ejiennocTn CKajiapnoro nponsBeflenna, no B3aMeH 
BBOflnM Konn,enu,Hio nnBapnanTHOro KBanTOBanna. 

Otmbthm 3flecb TaKJKe TaKyio ^eTajib. Hpn (JaopMyjinpoBKe TeopeMbi CToyna-cJjon HenMana KOMMyTaiinonnbie 
cooTnomennfl neo6xoflnMO 3anncbiBaTb b (JaopMe cooTnomennii Benjin. B nameM jkb no^xo^e (JsnrypnpyiOT 
KOMMyTan,nonnbie cooTnomennn fljin caMnx neorpannnennbix onepaTopoB. Hpn stom caMa KoncTpyKiina 
KBanTOBannn CTporo onpe^jejiaeT, b KaKOM CMbicjie nx cjie^iyeT nonnMaTb. 

• TeoMeTpHHecKoe KBaHTOBaHHe. MeTO^ reoMeTpnnecKoro KBanTOBanna cocTonT b tom, ^TO&bi, onnpaacb 
na reoMeTpnio KJiaccnnecKoro 4)a30Boro npocTpancTBa, nocTpoHTb npocTpancTBO KBanTOBbix cocToannii KaK 
neKOTopoe mho^kbctbo (JaynKiinii na Kjiaccn^ecKOM (]3a30BOM npocTpancTBe (cm., nanpnMep, [H]). 
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C TOHKH speHHfl HHBapHaHTHoro raMHJibTOHOBa 4)opMajiH3Ma 3Ty cxeMy eCTeCTBeHHO npHMeHHTb K HHEapnaHTHOMy 
(J)a30B0My npocTpancTBy Z . SaneTHM, o^naKO, ^to y SToro no^xo^ia cpasy >Ke bh^hm SHaHHTejibHbie 
TpyflHOCTH. Bo-nepBbix, c^ejiaTb stot no^xo^ MaTeMaTH^ecKH CTporHM fljia cjiy^aa cncTeM c 6ecK0He^HbiM 
HHCJiOM CTenenefi CBo6oflbi cobcgm ne npocTO. Bo-BTopbix, cbssb c KOHCTpyKiiHeii <I>OKa b stom cjiy^ae 
ocymecTBjifleTca c noMombio ne cjihiiikom o^eBH^Hbix (J)opMyji. Ilo sthm npn^HHaM TaKoii noflxofl OKasbiBaeTca 
He OHeHb y^o6eH ^jia npaxTH^ecKHx npHJiojKeHHii. B-TpeTbHx, ne hcho, xaKHM o6pa30M c noMombio SToro 
no^o^a MOJKHO onncaTb cjiy^aii KBanTOBaHHii c HH^ecjjHHHTHbiM CKajiapHbiM npoH3Be^eHHeM: yjKe b cjiy^ae 
oflHOMepHoro rapMOHH^ecKoro ociiHJiJiflTopa BOSHHKaiOT 6ojibmHe Tpy^HOCTH c onpe^ejienneM HH^ecjjHHHTHoro 
CKajiflpHoro npoHSBefleHHfl. 

• MeTOfl KOHTHHyajibHoro HHTerpajia. 9tot MeTO/i; CTaji b nocjieflnee BpeMH OHenb nonyjiapeH b cbash c 

TBM, HTO OH 6y;iT0 6bl SBJIfleTCfl flBHO pejIflTHBHCTCKH-HHBapHaHTHblM. IIpH 3TOM C KOHTHHyajIbHbIM HHTerpajIOM 

pa6oTaK)T (J)aKTH^ecKH xax c CHMBOJiHHecKoii (jsopMoii sanncH neKOTopbix BbipajKeHHii. 

MojKHO, oflHaKO, paccMaTpHBaTb KOHTHHyajibHbiii HHTerpaji xax CTporo onpeflejieHHbifi MaTeMaTHHecKHii 
0616x1 (cm., HanpHMep, jlOjl. TaKoii no^xo^ HaTajiKHBaeTca na Taxne cymecTBeHHbie Tpy^HOCTH, ^^to hh 

O KaKOii jjOHSBH^IHOh" pejIflTHBHCTCKOii HHBapHaHTHOCTH He MO>KeT 6bITb H peHH. 

2. KBaHTOBaHHe. OnnmeM Tenepb, Kax, HMea KjiaccH^ecKoe nojie, cjie^yeT CTpoHTb nojie KBaHTOBoe. 

1. PaCCMOTpHM MHOJKeCTBO (KOMnjieKCHblx) 4)yHKLI,HH, nOCTOflHHblX Ha BCGM HpOCTpaHCTBe Z . 06o3HaHHM 3TO 

MHOJKecTBO KaK C . PaccMOTpHM ^ajiee npaMyio cyMMy C © Z^ . CKo6Ka HyaccoHa npeBpam,aeT STy npaMyro 
cyMMy B KOMHJieKCHyio ajire6py JIh. 

2. OTBjieKaflCb noxa ot ajire6paHHecK0H CTpyKTypbi MHOxecTBa C ® Z^ h paccMaTpHBaa bcb ero sjiBMBHTbi 
KaK coBepmeHHO nesaBHCHMbie, 6yfleM nasbiBaTb sto MHOJKecTBO ajKpaeumoM A , a ero ajieMBHTbi dyneaMU. 
/JoroBopHMCfl TaKJKe, ^to sjieneHT C(BZ^ , paccMaTpHBaeMbiii ksk 6yKBa aji4)aBHTa A , Sy^eT flonojiHHTejibHO 
CHa6jKaTbca „mjiflnKOH" CBepxy hjih c6oKy, nanpHMep: a — cC . 

3. MojKHO ^ajiee bbbcth 4)opMajibHoe yMHOJKeHHe sjieMenTOB aji(|)aBHTa. A HMeHHO, 6y^eM CHHTaTb, hto npn 
nepeMHOJKeHHH (KOHe^^HO^o) Ha6opa 6yKB oGpasyeTca CAoeo, cocToamee h3 3thx 6yKB (nopa^OK cjieflOBaHHa 
6yKB aBjiaeTca cymecTBennbiM) : 

Cli ■ 0.2 ■ ■ ■ ■ ■ CLk — 0,10,2 ■ ■ - Ok , 0,1,0,2, ■■■ ,a,k E A . 

CjiOBa Mbi 6yfleM TaKJKe o6o3Ha^aTb CHMBOJiaMH co niJianKoii, nanpHMep: w = vP . MnojKecTBO Bcex bosmojkhmx 

CJIOB 0603HaHHM CHMBOJIOM W ; OpH 3TOM LI,ejieCOo6pa3HO BKJIK)HHTb ClO^ia H CJIOBO HyjieBOH ^IJIHHbl, KOTOpOe 

MOJKHO o6o3Ha^HTb KaK . EcTecTBeHHO c^HTaTb, HTO H Ha MHOJKecTBe CJIOB W ^BHCTByeT onepan,Ha 
yMHOJKeHHa, KOTopaa „ CKjienBaeT" cjiOBa. TaKHM o6pa30M, A aBjiaeTca cucmeMou ceododnux o6pa3yK>mux, 
a W aBjiaeTca ceo6odHou nojiyzpynnou c eduHuv^eu (pojib eflHHHiibi b neii nrpaeT cneiinajibHO HpHBHecenHbiii 

SJieMBHT (P). 

4. no;io6HbiM }Ke o6pa30M onpe^iejiHM Tenepb (J)opMajibHyio cyMMy (KonenHoro) Ha6opa cjiob, flOMHOJKenHbix 

Ha HpOH3BOJIbHbie (KOMHJieKCHbie) K034)4)Hn,HeHTbI. A HMeHHO, Ha30BeM ^pa30U 4)0pMajIbHyKl 3aHHCb BH^a: 
XlWi + \2W2 + ■ ■ ■ + \mWm , Ai , A2 , . . . , Am € C , Wl,W2, ■ ■ ■ ,Wm £ W . 

ByflGM, KpoMG Toro, c^HTaTb ^bg (japaabi SKBHBajiBHTHbiMH, BCJiH fljia jiio6oro cjiOBa y hhx coBnaflaBT cyMMa 
ko34)4)hli;hbhtob npn stom cjiobb. Mhojkbctbo bcbx BBB^BHHbix TaKHM o6pa30M KjiaccoB SKBHBajiBHTHOCTH 

0603Ha^HM CHMBOJIOM V . 

Ha MHOJKBCTBB ij)pa3 V mojkho tbhbpb bctbctbbhhmm o6pa30M bbbcth OHBpaijHH cjioJKBHHa h yMHOJKBHHa 
Ha CKajiap. A HMeHHO, cyMMoii jxByx 4)pa3 Ha3biBaeTca 4)pa3a, HOJiyHaroniaaca coe^HHeHHeM hcxo^hmx 4)pa3 
3HaKOM „ + ". yMHOJKeHHe 4)pa3bi Ha HHCJio onpe^ejiaeTca KaK yMHOJKBHHe KajK^oro h3 K034)4)Hii,HeHTOB na 
3T0 ^HCJio. Tbm caMbiM V Ha^ejiaBTca ecTecTBeHHoii CTpyKTypoii KOMHJieKCHoro jiHHeiiHoro npocTpancTBa 
( V aBjiaBTca ceododnuM C -ModyjieM, nopocHcdeuHUM W ). 

Ha MHOJKeCTBB 4)pa3 V MOJKHO TaKJKB BBBCTH eCTeCTBBHHblM o6pa30M OHepaiI,HIO yMHOJKBHHa AByX SJieMBHTOB. 

Hmbhhg, HpoH3BefleHHe ^Byx 4)pa3, co^epjKaniHx no o^noMy cjiOBy, onpe^ejinM paBencTBOM: 

(Xiwi) ■ {X2W2) ^ {X1X2) {W1W2) , Ai,A2eC, wi,W2'EW. 
Ha npoH3BOjibHbiB 4)pa3bi pacnpocTpannM 3to onpBflBJiBnnB, Hcxo^a h3 TpB6oBanHa flHCTpH6yTHBnocTH: 

Pi ■ {P2 + Ps) = P1P2 + PlPS , {Pl + P2) ■ h ^ P1P3 + P2P3 , Pl,P2,P3E'P. 
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5. TaKHM o6pa30M, MHOJKecTBO (J)pa3 V npespamaeTca B (accoiiHaTHBHylo) ajire6py ( "P nBJiReiCR noAyzpynnoeou 
ajize6pou noAygpynnu W hjih ceo6odHou ajize6pou Had noAyzpynnou W ). 

6. CHx nop npn nocTpoeHHH ajire6pbi V aji(J)aBHT A paccMaTpHBajica KaK coBepmeHHO npoHSBOJiBHoe 
MHOJKecTBO. Tenepb, Hcnojibsya CTpyKiypy ajireGpM JIh b C®Z^ h cooTBeTCTBHe Me»;;;y no/i;npocTpaiiCTBOM 

C H nojieM CKajiflpoB C , mojkho ^onojiHHTejibHO BnecTH b ajire6py V neKOTopbie onpedejisiwmue coomHomeHun. 
3to flejiaeTCH c noMombio (JjaKTopnaaiiMH ajireSpbi V no noflxofljnueMy n^eajiy. 

HMenno, paccMOTpnM Bce (J)pa3bi cjieflyroninx bh^ob: 

(A a)^ — A a , 

{a + bf- {a + b) , 
{a, 6}^+ i{ab — ba) , 

i-(r. 

S^ecb AsC, a,bGC(BZ^, a,bGA. 1 — o6o3HaHeHHe fljia (J)yHKn;HH, paBHoii 1 na bcgm HHBapnaHTHOM 
(J)a30B0M npocTpancTBe Z , t. e. 1 G C (B ; 1 — cooTBeTCTByroninii en sjieMenT aji(J)aBHTa, 1 G A . 

HaraneM na yKaaannbie (Jjpaabi flBycTopoHnnn n^eaji, t. e. npncoeflnnnM k hhm Te (Jjpasbi, KOTopbie nojiynaiOTCH 
H3 yKasainibix nyieM npHMCiiennfl Konei^iHoro HHCJia oncpan;HH yMHOiKennfl iia CKajiap, cjio»ceHHfl n yMHOJKCiiHa 
(cjieBa H cnpaBa) na npoH3BOJibHbie (J)pa3bi. 'l>aKTopH3yfl ajire6py V no nocTpoennoMy n^eajiy nojiy^aeM 
ajireSpy, KOTopyio mm Sy^eM nasbiBaTb aA2e6pou onepamopoe n oSoanaHaTb O . BjieMenTbi stoVl ajireSpbi 
nasbiBaiOTCH onepamopaMU n oSoanaHaiOTCH Tax xe, KaK h cooTBeTCTByromne hm (Jjpaabi. 

IIpoBorieiiiiafl (J)aKTopH3an;Hfl npHBO^HT k TOMy, hto b ajire6pe onepaTopoB BbinojinjnoTCH onpe^ejunonine 
cooTHOmennfl: 

(A aj" = A a , 
(a + bj" = a + b , 
{a, b}'^=-i[a, b] , 

i = (r. 

B TpeTbeM cooTHomeHHH HcnojibsOBano CTanflapTHoe oSoanaHenne fljia KOMMymamopa flByx onepaTopoB: 
[a , b] = ab — ba . 

HeTBepToe cooTHomeHHe, b nacTHOCTn, nosBOJiaeT OTKaaaTbca ot rpoM03flKoro o6o3HaHeHH5j O'^ , Kor^a penb 
HfleT o6 onepaTope, h nncaTb Bcer;i;a 1 . 

7. BbefleM Tenepb onepaiinio conpjicHceHUJi. 3t& onepaiina 6yfleT Bcer^a o6o3HaHaTbCfl chmbojiom * , nesaBncHMO 
OT Toro, K KaKoro po^a oSieKTy ona npHMenaeTCfl. 

Ilofl conpaxenneM KOMnjieKcnoro HHCJia 6yfleM nonnMaTb o6biHHoe KOMnjieKcnoe conpaxenHe. 

3jieMeHTbi npocTpancTBa C(BZ^ HBJiinoTca (J)yHKu,HflMH na Z . Tloji, conpa»ceHHeM, npHMenennbiM k TaKoii 
(i)yHKu,HH, 6yfleM nonnMaTb nepexo^ k (J)yHKn,HH c KOMnjieKCHO-conpajKeHHbiMn 3HaHennflMn. OneBn^no, b 
pe3yjibTaTe TaKxe nojiynaeTca sjieMenT npocTpancTBa C ® Z^ . Bojiee Toro, nocKOJibKy CKo6Ka HyaccoHa b 
C ® Z^ ABjiaeTCH KOMnjieKcn(J)HKan;neH BemecTBennon cko6kh HyaccoHa, BbinojinaeTCH paBencTBo: 

{a\b*} = {a,br . (2) 
Onpe^ejienne conpajKeHHsi ecTecTBenno nepenocHTCfl na sjieMenTbi aji(J)aBnTa A : 

{ar = {aT- 

Ha cjiOBa h na (J)pa3bi onepan;nfl conpHxenna pacnpocTpanaeTCfl no npabnjiaM: 

(ab)* = b* a* , (Ad)*=A*d*, {a + b)* = a* + b* . 

3flecb a n b MoryT 6biTb 6yKBaMn, cjiOBaMn n (J)pa3aMH; A — KOMnjieKcnoe nncjio. 
OneBn^no, onepaiina conpaxenHH KoppeKTHO nepenocHTca c (Jjpas na onepaTopbi. 
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8. PaccMOTpHM Tenepb npocTpancTBO . Pa3o6beM ero b npHMyro cyMMy ^eyx no^npocTpaHCTB: 

Zc = Cr®De . 

Ot noflnpocTpancTB Cr h De noTpe6yeM, BO-nepBbix, HTo6bi ohh nepexoflHjiH ^pyr b ^pyra npn conpajKeHHH: 

Cr* = De . (3) 
Bo-BTopbix, noTpe6yeM, ^To6bi CKo6Ka IlyaccoHa na sthx noflnpocTpancTBax sanyjifljiacb^: 

{a,6} = 0, a,b e Cr ; 

{a,6} = 0, a,b e De . 

IIoflnpocTpaHCTBO Cr 6ypfiM nasbiBaTb pocHcdaminuM, a De — yHunmoatcamtnuM. B cooTBeTCTBHH c npHBeflenHoii 
Bbime KOHCTpyKiineii, no^npocTpancTBaM Cr h De cooTBeTCTByroT neKOTopbie no^npocTpancTBa b ajire6pe 
onepaTopoB; o6o3HaHHM 3TH no^inpocTpancTBa Cr" h ZJe^ , cooTBeTCTBeHHO. 

BBe^eM TaKJKe o6o3Ha^eHHe ^jih noflnpocTpancTBa ajire6pbi onepaTopoB, OTBe^aiomero no^npocTpaHCTBy 
C ajire6pbi JIh C (S . 

9. HaTflHeM Tenepb na noflnpocTpancTBO De" jieBbiii n^ieaji, t. e. npHCoe^HHHM k HMeiomHMCH Tan onepaTopaM 
Te onepaTopbi, KOTopbie nojiyHaiOTCH h3 yKasannbix b pe3yjibTaTe KOHei^Horo HHCJia onepaiinii yMHO>KeHHfl 
Ha CKajiap, cjiojKenHa h ^OMHOJKenHa cjieBa na npoH3BOJibHbie sjieMenTbi ajire6pbi O . 

<I>aKTopH3yeM Tenepb ajire6py O no nocTpoenHOMy jieBOMy n^eajiy. B pesyjibTaTe nojiy^HTca neKOTopoe 
jiHHennoe npocTpancTBO. Oho ne flBJiaeTCfl ajire6poii, no ABJiaeTCH jieBbiM MO^iyjieM, t. e. na hSm ecTecTBenno 
onpe^iejieno ^eiicTBHe onepaTopoB cjieBa. 3jieMeHTbi SToro (J)aKTopnpocTpaHCTBa nasbiBaroTca Kem-eeKmopaMU. 
KeT-BeKTopbi o6o3Ha^aiOTca cnMBOJiaMn Bn^a | a; ) , r^e x — jiio6oii anaHOK, OTjinHaiomnn ^anHbiii xeT- 
BeKTop. CaMO npocTpancTBO xeT-BexTopoB o6o3HaHaeTCfl Tl n Ha3biBaeTCfl npocmpaHcmeoM cocmojmuu 
KBaHTOBannoro nojifl. 

10. MojKHO npoBecTH Te >Ke caMbie nocTpoenna c conpajKennbiMH oGiexTaMH, t. e. BMecTO no^npocTpancTBa 
De" paccMOTpeTb no^npocTpancTBO Cr^ , naTHnyTb na nero npabbiii n^eaji BMecTO jieBoro, n, 4)aKTopH3ya, 
nojiyHHTb npaBbiii MO^iyjib BMecTO jieBoro. 9jieMeHTbi SToro MO^yjia Ha3biBaiOTCH 6pa-eeKmopaMU. Cam jKe 
MO^iyjib 6y;ieM, ecjin sto ne Bbi3biBaeT Heflopa3yMeHHH, TaKJKe Ha3biBaTb npocmpaHcmeoM cocmojmuu KBawiOBaimoTO 
nojifl H o6o3Ha^aTb Ti. . 

Bpa-BeKTopbi o6o3Ha^aiOTCfl CHMBOJiaMH BH^ia ( a; I . Onepan,Ha conpajKennH ecTecTBennbiM o6pa30M nepenocHTCH 
na KeT- n 6pa-BeKTopbi n ycTanaBJiHBaeT MejK^y hhmh B3aHMHO-o^H03HaT^Hoe cooTBeTCTBne. FoBopaT, hto 
cooTBeTCTByiomne Apyr flpyry xeT- n 6pa-BeKTop OTHOCflTca k o^noMy n TOMy see cocToannio KBanTOBanHoro 
nojia. 

11. ripn (jjaKTopHsaiiHH ajire6pbi onepaTopoB O n nepexo^e k npocTpancTBaM xeT- n 6pa-BeKTopoB, onepaTop 
1 nepexoflHT b neKOTopbiii KeT-BeKTop | ) n 6pa-BeKTop ( | , cooTBeTCTBenno. 9th KeT- n 6pa-BeKTopbi 
onncbiBaiOT cocToanne, Ha3biBaeMoe eaKyyMOM. 

12. BBe^eM Tenepb Tax Ha3biBaeMoe CKUAsipHoe npouaeedenue 6pa- n KeT- BeKTopoB. ^jih npoH3BOJibHbix 6pa- 
BeKTopa {x\ H KeT-BeKTopa | y ) sto npoH3BefleHHe 3anHCbiBaeTCfl xax {x\ ■ \y) , hjih, fljia KpaTKOCTH, 
{x\y) . B pe3yjibTaTe o6pa3yeTca KOMnjieKcnoe ^ncjio, t. e. {x\y) G C . 

noTpe6yeM, ^To6bi onepaiina CKajiapnoro npoH3BefleHHfl o6jia^ajia cjie^iyioniHMH CBoiicTBaMH: 

(0|0) = 1, 

{X{x\) - ly) = X- {x\y) , {{xi\ + {x2\) ■ \y) = {xi\y) + (x^ly) , 
{x\-{\\y)) ^\-(x\y) , (x\-{\y^) + \y2))^{x\y,) + {x\y2) , 
{{x\6)-\y)^{x\ .(oly)) . 
B nocjieflneM paBencTBe 6 £ O ; sto cbohctbo no3BOJiaeT nncaTb b tbkhx cjiynaax npocTo: (a; | o | y) . 

YKasannbie CBoiicTBa fljia CKajiapnoro nponsBeflennfl aBjiaiOTca onpeflejiaioinHMH, t. e. cymecTByeT ne 6ojiee 
OflHoro CKajiapnoro npoH3BefleHHfl, o6jiaflaioiri;ero yKasannbiMn CBoiicTBaMH. 



C y^eTOM H jsj, flOCTaTCiHO noTpe5oBaTb 3aHyjieHHa tojibko Ha OflHOM h3 sthx flByx noflnpocTpaHCTB. 
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13. CKajiflpHoe npoHSse^ieHHe flBJiaeTca spmhtoboh 4)opMoii b Ti , t. e. Bcer^a {x\y) — {{y\x))* . Ecjih 
CKajiapHoe npoHSBe^eHne OKajKeTca k TOMy >Ke nojiojKHTejiBHO-onpe^iejieHHbiM, to oho sa^aeT b Ti neKOTopyio 
TonojiorHK). Ecjih Ti OTHOCHTejibHO SToii TonojiorHH nonojiHHTb, to oho npeBpamaeTCfl b o6bi^Hoe rHjib6epT0B0 
npocTpancTBO. OnepaTopbi npn stom OKasbiBaiOTCfl Ba^anHbiMH na cooTBeTCTByiomeM njiOTHOM jinneiiHOM 
MHoroo6pa3HH b Ti . 

OflHaKO, CKajiapHoe npoHSBe^eHHe MOJKeT BOBce h ne 6biTb nojiojKHTejibHO-onpe^iejieHHbiM: sto saBHCHT ot 
cko6kh IlyaccoHa b C © h Bbi6opa noflnpocTpancTB Cr h De . Bonpoc 06 onpe^ejienHH TonojiorHH b 
3T0M cjiyHae na npHMepe sjieKTpoMarHHTHoro nojia 6yfleT o6cy}KflaTbCfl b nvHKTe ITTll 

PlTaK, B 9T0M nyHKTe 6bijio onHcano, xax no ajire6pe JIh C (B Ha6jiiOflaeMbix KjiaccH^ecKoro nojia ctpohtch 
ajire6pa O onepaTopoB KBanTOBoro nojia h npocTpancTBO coctohhhh Ti . 9to nocTpoenne nasbiBaeTCfl KeanmoeaHueM 
KJiaccHHecKoro nojia. 

3. Fpa^yHpoBKa ajire6pbi O h npocTpancTBa Ti. . CBa3b c KOHCTpyKi];HeH 3»oKa. PaccMOTpHM Tenepb b 
ajire6pe onepaTopoB no^npocTpancTBa C^, Cr^ n I^e^ . By^en roBopHTb, hto ohh flBjiaiOTCfl noflnpocTpancTBaMH 
cmeneHU , +1 h — 1 , cooTBeTCTBeHHO. /^ajiee, o6pa3yfl BceB03M0JKHbie npoHSBe^eHHfl sthx onepaTopoB, npncBOHM 
KajK^IOMy TaKOMy npoH3Be^eHHio CTenenb, paBnyio cyMMe CTeneneii coMHOJKHTejieii. Ecjih ^Ba npoHSBe^ienna HMeiOT 
o;i,Hy H Ty jKe CTenenb, to npHnnmeM Ty jKe CTenenb hx cyMMe. HeTpy;i,HO BH^eTb, hto TaKHM o6pa30M aj[re6pa 
onepaTopoB, paccMaTpHBaeMaa xax jiHHeiiHoe npocTpancTBO, MOJKeT 6biTb npe^CTaBJiena b BH;i,e cyMMbi cbohx 
jiHHeiiHbix no^npocTpancTB, OTBenaioniHx pa3HbiM CTeneHHM: 

O = . . . ® 0_2 © C_i © Co ® C+i ® 0+2 ® • • • 

IlpH 9T0M, ecjiH d e Oi H 6 e Oj , TO d 6 G Oi+j . Kopone roBopa, aureGpa O aBjiaeTca rpaflynpoBaHHoii. 

9Ta rpaflynpoBKa ecTecTBennbiM o6pa30M nepenocHTCii na npocTpancTBO cocToaHHii Ti . IIpii stom OTpHiiaTejibHbiM 
CTeneHHM b npocTpancTBC Ti OTBcnaiOT TpHBnajibHbie noflnpocTpancTBa. Hnane roBopa, npocTpancTBO cocTOSHHii 
Ti flBjiflCTCfl nojioJKHTejibHO-rpaflyHpoBaHHbiM: 

Ti = Tio®Tii®Ti2® ... (4) 

Ecjih KeT-BexTop npnnafljiejKHT o;i,HOMy h3 npocTpancTB Tin , to roBopaT, ^to b ^annoM cocTOflnnn HMeeTca n 
^lacTHLi;. 

OneBH^IHO TaKJKe, hto bcc npoBe^enHoe nocTpoenne HMeeT MecTO h ^jih conpajKenHbix 06'beKTOB, h pasjtojKenne Q 
Tonno Tax jKe Bbirjifl^iHT h jiJia 6pa-BeKTopoB. 

HejiHmne TaKJKC otmcthtb, ^to corjiacHO BBeflennoMy onpeflejiCHHio, hhcjio HacTnn; Bcer^a HeoTpHii;aTejibHO, He3aBHCHM0 
OT Toro, flBjiflCTCfl JIH CKajiflpnoe npoH3BefleHHe b Ti nojioJKHTejibHO-onpeflejiennbiM. 

^ajiee, jierKO BH^eTb, hto no^npocTpancTBa Tii n Tij opToronajibHbi OTHOCHTejibHO CKajtapnoro npoH3BefleHHa. 
Hnane roBopa, ecjiH {a\ ^ Tii h | 6 ) G Tij h i ^ j , to {a\b) ~ . HMea sto b Bn^y, pasjtojKenne 1^ mojkho 

HHCaTb B BHfle: 

n = Tia+Tii+Ti2+ . . . (5) 

B cjiy^ae, Kor^a CKajtapHoe npoH3BefleHHe sBJifleTCfl nojtojKHTejtbHO-onpe^ejieHHbiM, pa3j[0}KeHHe @ uosBOJisieT 
ycTanoBHTb CBH3b c o6binHOH KOHCTpyKiiHeii "SoKa 0. HocKOJibKy 3T0 flOBOJibHO npocTO, Mbi He CTaneM npocjiejKHBaTb 
3Ty CBflSb 3;i,ecb 6oj[ee noflpo6HO. 

4. HHBapHaHTHoe KBaHTOBaHHe. B nyHKTe ISlKBaHTOBanne Kjiaccn^ecKoro nojia 6bijio onncano bo „BHyTpeH- 
HHx" TepMHHax HHBapnaHTHoro rannjibTOHOBa (jjopMajiHSMa. O^naKO, fljia Bbi6opa no^npocTpancTB Cr h De 
ne 6bij[0 npe^iJiojKeHO nnKaKoro KOHKpeTHoro pen,enTa: 6bij[H jmnib yxasanbi neKOTopbie Heo6xoflHMbie ycjiOBna 
Bbi6opa 3THX no^npocTpancTB. Ha npaxTHKe sto npHBO^HT k TOMy, ^to y o;i,Horo h Toro jkb KJiaccn^ecKoro nojia 
KBaHTOBannn mojkct 0Ka3aTbCfl cjinniKOM mhofo. 

IlycTb Tenepb b npocTpancTBe Z^ onpe^ejieno jtHHennoe CHMnjiexTH^ecKoe npe;i,CTaBJieHHe neKOTopoii rpynnbi. 
Onpe^enHM Tor^a MHeapwaHmMoe KeawmoeaHwe Tpe6oBaHHeM, nTo6bi no^inpocTpancTBa Cr h De 6bmH nnBapnaHTHbiMH 
no OTHOmeHHio k ^encTBHio ^annoH rpynnbi. HnbiMH cjiOBann, Cr h De — npHBO^amne no^npocTpancTBa 
yKa3aHHoro npeflCTaBjiennfl. 

Kor^a pCTb HflBT o pejiaTHBHCTCKHx nojiax, b xanecTBe ochobhoh rpynnbi HHBapnaHTHOCTH BbiCTynacT rpynna 
Hyanicape V . KbanTOBaHHe, HHBapnaHTHoe no OTHomennio k rpynne HyanKape, 6y;i,eM jiJisi xpaTKOCTn Ha3biBaTb 
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V -HHBapHaHTHbiM. B CTETbe [IV] Mbi y>Ke BH^ejiH, KaKHM o6pa30M rpynna HyaHKape ^eficTByeT b npocTpancTBe 
, H KaK npHBO^sTca ee npeflCTaBJieHHH. 

KBaHTOBaHHe pejiHTHBHCTCKHx nojieii mm paccMOTpHM ^yTb no3>Ke, a ceiiHac o6cyflHM KBaHTOBaHne rapMOHmecKoro 
ocijHJiJiaTopa. Ero rpynna CHMMeTpHH — sto npocTO o^HonapaMeTpn^ecKaa rpynna BpeMennbix cflBnroB. 

5. KsaHTOBaHHe rapMOHHHecKoro ocLi,HJiJiaTopa. PaccMOTpHM rapMOHHHecKHii ocLiHJiJiflTop. Oh onncbiBaeTCH 
jiarpaHJKnanoM : 

S^ecb i-pix) — BeniecTBennafl (J)yHKn,Hfl o^Horo BeniecTBennoro aprynenTa (BpeMenn). 
ypaBHenne ^BHJKeHHfl HMeeT bh/;: 

(5^ + TO^) = . 

HnBapnaHTHoe (|)a30Boe npocTpancTBO Z — ^jByMepnoe BeniecTBenHoe npocTpancTBO. CnMOJieKTHHecKafl CTpyKTypa 
sa^aeTCfl na nen (jaopMyjioii: 

ui = (p{t) A ip{t) . 

S^ecb 4)opMbi If vi if 6epyTCfl b o^hh h tot jkb npoHSBOJibnbiii MOMenT BpeMenn t . 

IlocKOJibKy jiarpaH>Knan Q nHBapnaHTen OTnocnTejibno BpeMennbix c^BnroB, b npocTpancTBe Z ^encTByeT 
npe^CTaBjienne a/mnTHBHoii rpynnbi K . IlojieBoe npe^CTaBjienne Z^^ b flannoM cjiy^ae, Tax me xax n y pejiflTHBHCTCKnx 
nojieii, pacnaflaeTca b npaMyio cyMMy nojioJKHTejibno- n OTpn^aTeJIbno-^^acTOTHoro: 

B KaHecTBe npnBOflflmero 6a3Hca BOSbMeM cjie^yioinne flba ajieMenTa: 



/leiicTBnTejibno, nocKOJibKy HMeeT MecTO pas jioJKenne (^(t) = -^^=(0 e~*™*+a*e"*'""*) , nojiy^aeM, hto aG Z*^^'^ , 

CnMnjieKTHHecicafl CTpyxTypa Hepes (JjopMbi ana* MOJKeT 6biTb sanncana cjie^yromnM o6pa30M: 

Lo = ia* t\a . 

CKo6Ka Hyaccona cooTBeTCTByroninx jinneiinbix (JiynKiiHii paBna: 

{ a , a* } = — i . 

TaxnM o6pa30M, b cooTBeTCTBnn co CKaaannbiM b nynxTe 01 nMeiOTca poBHO ^Ba nnBapnanTHbix KBanTOBanna: 
jin6o Cr = Z*^' ' n De — ^^^^^ > -nHGo Cr — Z^^^"^ n De = Z^^ ^ . Jlerxo Bn^jeTb, hto nepBoe KBanTOBanne 
npnBO^inT k nojiojKnTejibno-onpe^ejiennoMy CKajiapnoMy nponsBe^iennio. Ilpn BTopoM KBanTOBannn CKajiapnoe 
nponsBeflenne OKasbiBaeTCfl nn^ecJ^nnnTHbiM. IlpHHeM b pasjioJKenHn 10 na no^npocTpancTBax c ^bthmm ^ncjiOM 
HacTnn; CKajiflpnoe nponsBeflenne onpe^ejieno nojioJKnTejibno, a na noflnpocTpancTBax c ne^eTHbiM — OTpnLi;aTejibno. 



6. CsasB HHBapnaHTHBix KBaHTOBaHHH nojia h nojicBoro oci];HJiJiaTopa. HojieBOH ocn,njiJiHTop, xax 
KoneHHOMepnyro cncTeMy, y^o6Hee nccjie^OBaTb ajire6pan^ecKnMH cpe^CTBaMn. C flpyroii CToponbi, MejK^y KBanTOBanneM 
nojifl n KBanTOBanneM ocLi;njijiflTopa HMeeTCfl Tecnaa CBasb. 

B caMOM ;iejie, jierKO Bn^eTb, ^^to Bbi6op Mx£^,(o) -nnBapnanTnbix poiK^aroninx n ynnHTOJKaroninx no^npocTpancTB 
y ocLi,HJiJiflTopa H Bbi6op V -nnBapnanTnbix po}K;i,aiOLLi,HX n ynn^TO}KaiOLLi,nx no^npocTpancTB y nojia CBflsanbi 
onepartnen nn;i,yn,npoBann5i. TaxnM o6pa30M, nMeeTca BsanMHO-o^noana^noe cooTBeTCTBne MejK^y K x £j.(o) - 
nnBapnanTHbiMn KBanTOBannaMn ociinjijiflTopa n V -HHBapnanTnbiMH KBanTOBannaMn nojifl. 

Bojiee Toro, y cooTBeTCTBennbix KBanTOBannii ocLi,HJiJiflTopa n nojia CKajiHpnbie nponsBe^enna b npocTpancTBax 
cocTOflnnii jin6o o^noBpeMenno nojiojKHTejibno-onpe^iejiennbi, jih6o o^jnoBpeMenno nn^ecjjHHHTnbi. TaxnM o6pa30M, 
B03HHKaeT yflo6Hbiii KpnTepnii snaxoonpe^iejiennocTn CKajiapnoro nponaBe^enna. 
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7. KaaHTOBaHHe CKajiapnoro nojia. B CTETbe [IV] 6biJio noKasano, ^^to no OTHomeHHio k ;ieiicTBHK) rpynnbi 
HyaHKape npocTpancTBO jiHHeiiHbix Ha6jiioflaeMbix CKajiapHoro nojia pacna^aeTCfl b npaMyio cyMMy flByx 
HenpHBO^HMbix noflnpocTpaHCTBi = Z^ © . TaKHM o6pa30M, HMeeTca poBHO ^Be bosmojkhocth: jih6o 

nojiojKHTb Cr — Zf, h De = Z^ , jih6o Cr = Z^^ h De = Z^ . CorjiacHO BbiHHCJienHbiM b CTaTbe [IV] 
4)opMyjiaM fljifl CK060K IlyaccoHa cooTBeTCTByiomHx (JjyHKiiHH, 06a pa36HeHHa yflOBjieTBopaeT bcgm Tpe6oBaHHaM 
nyHKTa |2l 

TaKHM o6pa30M, CKajiapHoe none ^jonycxaeT poBno ^Ba V -nnBapnanTHbix KBanTOBannfl. HojieBoii ocn,HJiJiflTop 
B ^annoM cjiynae — o6binHbiH OflnoMepHbiii BeniecTBennbiii ocn,HJiJiflTop. Hcnojibsya peayjibTaTbi nynxTa n 
KpHTepHH H3 nyHKTa El nojiynaeM, ^to npn nepBOM KBanTOBannn CKajiapnoe npoH3BefleHHe b npocTpancTBe Ti. 
0Ka3biBaeTca nojioJKHTejibno-onpeflejieHHbiM, a npn BTopoM - HHfle4)HHHTHbiM. 

IlepBoe KBanTOBanne (JjaKTnnecKH flBJifleTca o6ni,enpHHflTbiM. He cjie^iyeT ^yMaTb, o^naKO, hto KBanTOBanne c 

HH;ie(|)HHHTHOH MeTpHKOH 3aBe^OMO 6eCCMbICJieHH0, T. K. OHO HpHBO^JHT K „ OTpHn,aTejIbHbIM BepOflTHOCTflM". B 

npHHiinne, Hejib3a ncKjiionaTb nojie3HOCTH TaKoii TeopnH, b KOTopon cocTOflnnfl pacceanHfl flanHoro nojia 6yflyT 
cocTaBjiflTb noflnpocTpancTBO, na KOTopoM CKajiapnoe npoH3BefleHHe 6yfleT nojioJKHTejibno-onpeflejieHHbiM. 



8. KsaHTOBaHHe sjieKTpoMarHHTHoro nojia. PaccMOTpnM Tenepb KBanTOBanne sjieKTpoMarnnTnoro nojin. 
3flecb no;i sjieKTpoMarnnTnbiM nojien 6yfleT nonnMaTbca „ ne4)n3nnecKoe" sjieKTpoMarnnTnoe nojie [I]. 

KaK 6bijio pa3'bflcneno B CTaTbe [IV], no OTnomennio K fleiicTBnio rpynnbi IlyanKape V npocTpancTBO Z^ b stom 
cjiyHae, KaK n b cjiy^ae CKajiapnoro nojia, pacna^aeTCfl b npsMyio cyMMy flByx Hepa3Ji0JKnMbix noflnpocTpancTB. 
HosTOMy, KaK n b cjiy^ae CKajiapnoro nojia, ecTb poBno ^Be B03MO}KnocTn: jin6o Cr = Z^'^ n De = Z^^'^'^ , 
jin6o Cr — Z^^'^'' n De — Z^'" . 

Hcnojib3ya KpnTepnii n3 nynKTaEI JierKO y6ejKflaeMca, hto o6a KBanTOBanna npnBOflflT k nnflecJanHHTnoH MeTpnKe. 
^ajiee mm 6y;i,eM paccMaTpnBaTb TOJibKO nepBoe h3 ^Byx yKa3annbix KBanTOBannii, nocKOJibKy HMenno ono nneeT 
nojie3nyio (]3n3HHecKyio nnTepnpeTaLi,Hio. 

HHfle4)HHHTnocTb CKajiflpnoro npoH3Beflenn5i, pa3yMeeTCfl, nopojK^acT Tpy^nocTn c BepoiiTHOCTHoii nnTepnpeTaiiHen. 

B CTaTbe [I] 6biJio yKa3ano, hto cocTOflnnH pacceiinnH KJiaccHHecKoro sjieKTpoMarnnTHoro nojia y^OBJieTBopaiOT 
^lonojinnTejibnoMy ycjiOBHio — ycjiOBnio JIopeHLi;a. EcTecTBenno npe^nojiojKHTb, nTO b KBanTOBOii Teopnn HMeeTca 
anajior SToro ycjiOBna. Xlpn stom xoHeTCfl OC060 nofl^epKnyTb, ^to sto ycjiOBne flOJiJKno noiiBjiflTbCfl b KBanTOBoii 
Teopnn ne ksk hobmh nocTyjiaT: ono ^ojiJKno BbiBO^nTbCfl h3 flnnaMHHecKHx 3aK0H0B TaK jkc, ksk sto mm npo^ejiajin 
fljifl Kjiaccn^ecKoro nojia. K cojKajiennio, yflOBjieTBopnTejibnoii Teopnn B3aHMOfleiicTByioiri;nx nojieii y nac noKa hct. 
Ho SToii npHHHne nnKaKoro BMBO^a 3^ecb ^ano ne 6y;i,eT^ . HcKOMoe ycjiOBne HMeeT Bn;i,: 

- ik^al+\k)\Tad) ^0 . (7) 

To ecTb BCKTop cocTOiinnfl H3Jiy^eHHoro nojia y^OBjieTBopiieT yKa3annoMy paBcncTBy ^jia jiio6oro k . 

HpHBe^ieHHoe ycjiOBne Bbirjia;i,nT tohho TaK jKe, KaK n o^hh n3 BapnanTOB SToro ycjiOBna b KJiaccnirecKOH Teopnn. 
Cjie^yeT, o^naKO, OTMeTHTb, hto ero nejib3a 3anHcaTb KaK — i fc^j a|j \k) \ rad) = hjih KaK — ik^ a^{k) \ rad) = 
, h6o flajKC BaKyyM TaKnM ycjiOBHAM ne yflOBjieTBopaeT^ . 



^ OopMajibHaa BbiKjiaflKa, KOHe'iHO, HMejiacb enje b 1111 . KpoMe Toro, mojkho Smjio 5bi anejijiapoBaTb k npaBHjiaM OeiiHMaHa, ho 
9TH npaBHjia caMH Hy^K^aiOTCH b oSocHOBaHHH c no3Hi];HH Hamefi CTaTtn. 

KOopflHHaTHOM HpeflCTaBjieHHH ycjiOBHe — i fc^ a^(fc) I rad } = sanHCbmaeTca KaK | rad) = . B jiHTepaxype h 

no ceil fleHb hbt eflHHCTBa MHeHHii no noBOfly Toro, mojkho jih flonojiHHTejibnoe ycjiOBne TaKHM oSpasoM (JiopMyjinpoBaxb. B xaxoM 
BHfle, Hcxofla H3 anajiOPHH c KjiaccniecKoft Teopneft, ero (jDopMyjinpoBaji enje OepniH. B pa6oTax |12l ll,'^| Sbijio yKasano, hto TaKoe 
flonojiHHTejibHoe ycjiOBne Be^eT k TpyflnocTaM c nopMnpyeMOCTbro cocToannii b KBanTOBOM cjiyiae. H b paSoxe |14| ono Sbijio 
saMeneno na 9^ A^^'' (x) | rad ) = . B flajibneiirneM b jinxepaType Oflnn aBTOpbi ncnojibSOBajin ycjiOBne 9p (a;) | rad ) = 
[lSl|TniIlI|. flpyrne ^ yKasMBajiH, hto TaKoe ycjiOBne na BeKTopBi cocto5ihh5i Haxjia^BiBaTB hgjibsh, t. k. npn 3tom BOSHHKaeT 
npoTHBopenne c KOMMyTaitHOHHBiMH cooTHomeHH5iMH. TpeTBH yTBep:»cflajiH, hto TaKoe ycjiOBne mo:»cho HcnojiBSOBaTB, ho npn 9tom 
cjie^yeT npoanjiaTb ocTopo:HCHOCTb, nocKOJibKy ^onycTHMbie bgrtopm coctohhhh OKastiBaiOTCH HenopMnpyeMbiMH. 3th pacxo^^eHHH 

BO MHGHHiiX HMGfOT HOfl C06OH flOBOJIBHO TJiySOKHG npHHHHbi: 

1. B TepMHH „ KB an TOE an He" o6biHHO ne BKJia^biBajiCH HHKaKofl TO^HbiH MaTeMaTH^ecKHH cmmcji. OaKTH^ecKH, KBaHTOBanHoe 
9JieKTpoMarHHTHoe nojie HCCJie^OBajiocb nyTCM cJiopMajibHbix MaHHnyjiHLiHH c ajireSpaHnecKHMH CHMBOJiaMH, ho npn 9tom ne 
^aBajiocB HHKaKoro KoncTpyKTHBHoro onpe^ejieHHii 9Toro o5T>eKTa. B Taxoft CHTyaitHH ^onojiHHTejibHoe ycjiOBne b jiio6om ero 

BH^e He CB060flH0 OT KpHTHKH. 

2. OTcyTCTByeT y^OBJieTBopHTejibnaa 4)opMyjiHpoBKa Teopnn BsaHMO^eflcTByfOinHx HOJiefl (xots 6bi b paMKax Teopnn 
BOSMymeHHn) . HpaBHjia OeftHMana npn 9tom ne HMeiOT ^ocTaTOHHO hchoh cbhsh c onepaTopnbiM (J)opMajiH3MOM, h onepaTopHtift 
4)opMajin3M OKasbiBaeTCH OTopBanHbiM ot npaKTnnecKnx BbinncjieHnn (npe::^cfle Bcero ot Teopnn pacceHRna). 

Hto KacaeTCH nepBoro saMenaHHii, to h nojiaraio, cooTHomeHne df_i A^{x) \ rad ) = nanpHMyio ne npoTHBopennT KOMMyTai^noHHtiM 
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CeiiHac mm noKajKeM, ^to ycjiOBne Q o6ecne^HBaeT nojiojKHTejiBHOCTb CKajiapnoro npoHSBe^eHHa. 



9. IIojioxcHTejibHOCTij CKajiHpHoro npoHBBeflGHHH y 3JieKTpoMarHHTHoro nojiH. ^ PaccMOTpHM nojieBOH 
ociiHJiJiflTop sjieKTpoMarHHTHoro nojia. By^eM s^ecb nncaTb ^jia KpaTKOCTH BMecTO ap(+l) h a* BMecTO 
d^(— 1) . 9th onepaTopbi y^OBjieTBopaiOT cooTHomeHHaM: 

[a* , a^] = g^^, [a*,a*]=0, [a^,a^]^0. 

^jifl HHTepecyromero nac KBaHTOBanHfl TaKJKe BbinojiHaeTca: 

AmIO) = . 

/^onojiHHTejibHoe ycjiOBne Bbirjifl^HT Tax: 

fc(o)ajrad)=0, (8) 

r^e fc},"'' — 4)HKCHpoBaHHbiH BeKTop Ha CBeTOBOM Konyce. HoflnpocTpaHCTBO BeKTopoB cocToaHHa, y^OBJieTBopflromnx 
flaHHOMy ycjiOBHK), mm o6o3Ha^HM Ti'*"^ . 

HocKOJibKy onepaTop /c^^^a^ HMeeT onpe^ejieHHyio rpa^ynpoBKy (ero CTenenb paBHa —1 ) , rpa^ynpoBKa npocTpancTBa 
cocTOflHHii Ti nepenocHTCfl na noflnpocTpancTBO Ti'^*^ : 

HnaHe roBopa, noflnpocTpancTBO, Bbi^ejiaeMoe flonojiHHTejibHbiM ycjiOBHeM l|H|l, TaKJKe pacna^aeTca b opToronajibHyio 
cyMMy cocTOHHHii c onpe^ejieHHMM ^hcjiom HacTHn;. 

HocKOJibKy cyMMa ^ opToroHajibHaa, HeoTpniiaTejibHOCTb CKajiapnoro npoH3Be^eHHfl ;i,ocTaTO^HO ^oxasaTb fl,jisi 
KajKfloro H3 noflnpocTpancTB Wn'^ . 

IIpOHSBOJIbHMH BeKTOp COCTOflHHa | Tl ) H3 nO^npOCTpaHCTBa TY™*^ MOJKHO OpeflCTaBHTb B BH^ei 

1?^) =T^i/...pa* a* ...a* |0) , 

r^e T^i/...p — n -BajienTHMH Tensop. 3tot TeH3op mojkho 6e3 yLLi,ep6a ^jih o6iri,HOCTH CTHTaTb CHMMeTpH^^HMM. 
IlpH 9T0M ycjiOBHe l|Hl flJifl BeKTopa | n) 0Ka3biBaeTca ^onojiHHTejibHbiM ycjiOBHeM na TeH3op Tf^u...p ■ 

k'i^%....p = . (10) 

CKajiapHoe npoH3Be;ieHHe jKe BeKTopa | n ) caMoro na ce6fl paBHAeTca: 

• T;,,„,T^....p . (11) 

BejiH^^HHa (— l)"n! • T*^^ pT^j^ . p sBjiaeTca cyMMoii nojioJKHTejibHMx BemecTBeHHMx hhcgji, ^acTb h3 kotopmx 
BxoflHT B cyMMy CO 3HaK0M „njiioc", a ^acTb co 3HaK0M „MHHyc". 9tot 3HaK onpe^ejifleTCfl pejiflTHBHCTCKHM 
npaBHJiOM cyMMHpoBaHHfl no noBToparomnMca HH^jeKcaM h MHOJKHTejieM (—1)" . HoKajKeM, hto STa cyMMa neoTpniiaTejibHa 
npn ycjiOBHH ljl()|l . 

IlocKOJibKy KOHCTpyKiiHfl npocTpancTBa cocTOflHHii HHBapnaHTHa no OTHomennio k Bbi6opy BexTopa fcp*^^ , stot 

BGKTOp MOJKHO npHHHTb paBHMM: 

fc(o) = ( /CO I fco ) . (12) 



cooTHomeHHaM. Mojkho jiHinb CKasaxb, ito KOHCTpyKi(Ha KBaHTOBaHHa, H3jio>KeHHaa b stoh cxaTbe, c TaKHM ycjiOBHeM njioxo 
yBasBiBaeTca. 

BTopoe 3aMeiaHHe, HecoMHeHHO, aBjiaeTca 6ojiee cymecTBeHHBiM. IIpH paccMOTpeHHH flHHaMHKH KjiaccHiecKoro sjieKTpoMarHHTHoro 
nojia MBi yKasajTH, hto ^onojiHHTejiBHoe ycjiOBne na cocToaHna pacceaHna aBTOMaTHnecKH BBiTexaeT h3 ^HHaMHKH, a bobcg hg aBjiaeTca 
npoH3BOjiBHbiM HOCTyjiaTOM. TaKjKB Sbijia acHO noKasaHa pojiB „ HefJiHSH^ecKHx" CTeneHeii CBoSoflBi. H xoTa mbi b flaHHoii CTaxBe TaK h 
He (jjopMyjiHpyeM TeopHH KBaHTOBaHHBix BsaHMOfleiicTByiomHx nojieii, Bce ace coo5pa5KeHHa, ocHOBaHHBie Ha anajiorHH c KjiaccHiecKoii 
Teopneft, flaroT ocHOBanHa flyiiaTB, ito nocTpoenHe TeopHH pacceanna c ycjiOBHem 9^ ^ni^) jrad) =0 — flejio MajiopeajiHCTHiecKoe. 

■^MaTepnaji flanHoro nynKxa He HueeT HHKaKoii rjiySoKoii CBasH hh c KOHCTpyKTHBHOCTBK) KBaHTOBanna, hh c ajireSpaniecKHMH, hh 
c TOHOJTOrHHecKHMH BOHpocaMH, o6cy>K^aeMi>iMH B HacToamHx CTaTBax. E^HHCTBennaa npHHHna, no KOTopoft s^ecB o5cy>K^aeTca 9tot 
CTapbiii (h oieHB npocToii) Bonpoc coctoht b tom, ito bo Bcex HSBecTHBix Mne HCTOiHHKax npHBOflHTca oiuHSoiHoe flOKaaaTejiBCTBO 
(npn 3T0M noneMy-TO CHHTafOT, hto h3 nojio>KHTejiBHOCTH KBa^paTHHHoft 4)opMBi Ha BeKTopax HeKOToporo 6a3Hca BBiTexaeT h 

H0JI05KHTejIBH0CTB (jjOpMBI BOOSlIje) . 
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PaccMOTpHM Tenepb b cyMMe Ijllll Bce cjiaraeMbie BH^a (—1)" n\ ■ Tq^ ^ 7oi/...p . B CHJiy h Ijl2|l . ohh nojiHOCTbro 
coKpaniaiOTCfl co cjiaraeMbiMH BH^a (— l)"n! • 73*i/...p Tsj^ . p . 

Cpe^H ocTaBHiHxca cjiaraeMbix paccMOTpHM cjiaraeMbie BH^a (—1)" nl ■ T*q ^ Tpo...p ■ Ohh hojihoctbio coKpaTHTca 
c ocTaBniHMHCfl cjiaraeMbiMH BH^a (— l)"n! • r^3...p 7)i3...p ■ 

H Tax ^ajiee. B pesyjibTaTe b cyMMe ocTanyTca jinnib cjiaraeMbie, HH^eKCbi KOTopbix paBHbi 1 hjih 2 . Bce 
3TH cjiaraeMbie bxo^ht b cyMMy co snaKOM „njiioc". 



10. Tonojiorna h nojiHOTa HHBapHaHTHoro (JjasoBoro npocTpancTBa sjieKTpoMarHHTHoro nojia. IIpH 

HBynenHH nHBapnaHTHoro raMHjibTOHOBa 4)opMajiH3Ma b HHBapHanTHoe 4)a30Boe npocTpancTBO Z mm Bna^ajie 

BKJIIO^HJIH JIHHIb pemeHHfl ypaBHBHHH flBHJKeHHa, rjiaflKHG B KOOpflHHaTHOM npe^CTaBJieHHH H 4)HHHTHbie B npOCTpanCTBBHHOM 

HanpaBJieHHH. Bonpoc see o tom, KaKoii b ^jeiicTBHTejibHOCTH TonojiorneH cjie^iyeT na^ejiHTb npocTpancTBO Z 
BOo6m,e ne o6cy}K;iajicfl. IIpH stom (jaaKTHnecKH ne ^jaBajiocb h tohhofo onpe^ejienHfl npocTpancTBa Z* ; ne 

yTOHHflJIOCb, KaKHM }Ke B TO^HOCTH o6pa30M OKaSblBaKDTCfl H30M0p(J)HbIMH 4)yHKLI,HOHajIbHbie npOCTpaHCTBa Z 

H Z* ; TOHHoe onpe^ejieHHe cko6ok Xlyaccona na Z* TaKJKe ne flaBajiocb. B 3tom nyHKTe mm noKajKCM, hto 
B npocTpancTBe Z mojkho bbbcth Taxyio Tonojiornio (h nonojiHHTb ero OTHOCHTejibHO SToii Tonojiornn), hto 
OHO CTaHGT o^GHb noxojKHM Ha rHjib6epT0B0 npocTpancTBO. Xlpn stom Bce Heo6xoflHMbie fljia nHBapnaHTHoro 
raMHJibTOHOBa (J)opMajiH3Ma CBOHCTBa y TaKoii tohojiophh 6y^yT BMHOJiHSTbca. 

CHMHjiBKTHHecKafl CTpyKTypa caMa no cb6b hb 3afla6T tohojiophh. O^naKO, MBJK^y sjiBMBHTaMH KjiaccnnBCKoro 
4)a30Boro npocTpancTBa Z n o^nonacTHnnbiMH cocToaHHHMH KBaHTOBannoro nojia cymBCTByBT B3anMH0-0flH03HanH0B 
cootbbtctbhb: 

c ^ il''cr\0) . (13) 

PaccMOTpHM Tenepb fljiR npnMepa CKajiapnoe nojie. Cpe^n ero nHBapnanTHMX KBanTOBannn npncyTCTByeT KBanTOBanne 
c HOJiojKHTejibHO-onpeflejiennbiM CKajiapHMM npoH3BefleHneM. CooTBeTCTBne BO-nepBMx, na^ejiaeT npocTpancTBO 
Z KOMHJieKcnoH CTpyKTypoii, a bo-btopmx, nepenocHT Ty^a CKajiapnoe npon3BefleHHe n3 o^nonacTHnnoro KBanTOBOro 
npocTpancTBa Tii . TaxHM o6pa30M, Z nMeeT ecTecTBennyio CTpyxTypy KOMnjiSKcnoro rnjibGepTOBa npocTpancTBa^. 

CnMnjieKTnnecKaa CTpyKTypa OKa3biBaeTCfl nenpepMBnoii no nape CBOnx apryMenTOB OTnocnTejibno nojiyTrennon 
Tonojiornn; cnMnjieKTH^ecKaa CTpyKTypa 3aflaeT H30Mop(J)n3M npocTpancTB Z n Z* ; cko6kh Hyaccona KoppeKTHO 
onpe^ejifliOTCfl na bcgm Z* . 

IlpeflCTaBnM Tenepb CKajiapnoe nojie b (jDypbe-npe^CTaBjiennn b Bn^e: 

(p{k) = 2n 6{k^ -m^) ■ a{k) . 
CooTBeTCTBne mojkho 3anHcaTb 6ojiee abho TaK: 

dfI+■^a{k)^■a*{k)\0), r^e dfi+ ^ ■ ^t: S{k^ - m^) ■ 0{k) . 

H CKajiapnoe npon3BefleHHe b npocTpancTBe Z npnHHMaeT Bn^: 

(c, d) = J dixt,-a*{k)^-a{ky^ . (14) 

ByKBajibHoe nepenecenne SToii cxbmm na cjiynan sjieKTpoMarnnTHoro nojia ne npeflCTaBJiaeTCfl B03M0}KHbiM, nocKOJibKy, 
KaK MM Bn^ejiH, cpe^H V -HnBapnaHTHMx KBanTOBanHii sjieKTpoMarnnTHoro nojia OTcyTCTByiOT KBanTOBannH c 
nojioJKnTejibHO-onpeflejieHHMM CKajiapHMM npon3BefleHHeM. 

3flecb nMeeTCfl, oflnaKO, ^pyraa B03MO}KHOCTb. IIpe^CTaBHM sjieKTpoMarnnTHoe nojie TaKJKe b 4)ypbe-npe^CTaBJie- 
HHH KaK ^ 

A^{k)^2TT5{e)-a^{k) . 

Ho anajiornn c (jjopMyjioii H14|l BBe^eM b KJiaccnnecKOM (|)a30B0M npocTpancTBe Z sjieKTpoMarnnTHoro nojia 
CKajiapnoe npon3Be^eHHe no (J)opMyjie: 

(c, rf) = / dfi+ ■ M^p ■ al{k)^ ■ ap[k)^ . (15) 



^nojiyHGHHaH TonojiorHH npocTpancTBa Z hejihgtch caMofi ecTecTBGHHOH c tohkh speHHH KBaHTOBaHHH. Bop h Po3eHcJ)ejiB^ 
1201 saMBTHjiH, 1T0 npH paccMOTpeHHH KBaHTOBaHHoro sjieKTpoMarHHTHoro nojia HeoSxoflHMO npoHSBOflHTb ycpeflHeHHe nojia no 
He6ojiBmoMy npocTpancTBeHHO-BpeMeHHOMy o5'BeMy: chmbojt Afj,{x) npn 9tom caM no ce6e c[)H3HHecK0H Bejinnnnon ne aBjiaeTca. 
IIpoBefleHHoe naun paccMOTpenne noKastiBaeT, ito sto yTBepjKflenne toiho TaK jKe cnpaBefljiHBO n fljia Kjiaccn'iecKoro nojia, ecjin 
ero ct)a30Boe npocTpancTBO naflejiaeTca „ npaBnjiBnon" Tonojiornen. 
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3flecb Miip — npoHSBOJibHaa nojiojKHTejibHO-onpe^ejieHHaa spMHTOBa MaTpniia. B xaHecTBe TaKofi MaTpniibi 
MOJKHO B3flTb, HanpHMep, M^p = diag (+l,+l,+l,+l)iyp . 

CKajiflpHoe npoHSBe^eHHe ABjiaeTca nojioJKHTejibHO-onpe^ejieHHbiM. IlosTOMy oho onpe^ejiaeT HeKOTopyio 
TonojiorHK) B npocTpancTBe Z . BajKHbiM aBjiaeTCH to o6cTOflTejibCTBO, hto STa TonojiorHa ne saBHCHT ot KOHKpeTHoro 

Bbl6opa MaTpHLI,bI M^p . 

OTCiOfla cjie/iyeT, hto yKasaHnaa Tonojiorna sBjiaeTca pejiaTHBHCTCKH-HHBapHaHTHon. 

OTHOCHTejibHO BBe^eHHOH TonojiorHH CHMnjieKTHHecKaa CTpyKTypa OKasbiBaeTca nenpepbiBHOH no nape cbohx 
apryMBHTOB; CHMnjieKTHT^ecKaa CTpyKTypa sa^aeT H30Mop4)H3M npocTpancTB Z n Z* ; cko6kh Xlyaccona KoppexTno 
onpe^ejiaiOTCfl na bcbm Z* . 

TaKHM o6pa30M, nnBapnaHTHoe (|)a30Boe npocTpancTBO sjieRTpoMarnnTnoro nojia o6jiaflaeT ecTecTBennoii CTpyKTypoii 
jinnennoro KOMnjieKcnoro Tonojiorn^ecKoro npocTpancTBa, npn^en Tonojiorna b hgm 3a^aeTca MHOJKecTBOM SKBHBajienTHbix 
(b CMbicjie Tonojiornn) CKajiapnbix npoH3Be^eHHH. Taxne npocTpancTBa mm Ha30BeM npocmpaHcmeaMU 3UAb6epmoea 
muna. 



11. TeH3opHoe npoHBsefleHHe npocTpancTB rHJib6epTOBa THna. Cen^ac mm noKajKeM, ^^to Tensopnoe 
npoH3Be;ieHHe npocTpancTB rHJib6epT0Ba Tnna caMO sBJiaeTca npocTpancTBOM rHJib6epT0Ba Tnna. 

PaccMOTpHM flBa TaKHx npocTpancTBa X vi Y . Hx Tensopnoe nponsBeflenne (Tonnee, ajire6paHnecKoe Tensopnoe 
npoHSBeflenne) onpeflejiaeTca cjie^yromnM o6pa30M. 

PaccMOTpnM Bce (jaopMajibnbie npoH3BefleHHa Bn^a x o y , r^e x € X n y £ Y . Mm 6y;ieM Ha3biBaTb Taxne 
npoH3Be;ieHHa napaMH. By;i,eM TaKJKe cnnTaTb, ^to napM mojkho (jaopMajibno yMHOJKaTb na KOMnjieKcnbie ^ncjia, 
o6pa3ya npn 3tom BbipajKenna Bn^a: A • x o y . H paccMOTpnM Bce 4)opMajibHbie cyMMM Bn^a: 

Ai • Xi o yi + A2 • 2:2 o 2/2 + • • ■ + A„ • a;„ o ?/„ . 

^Be Taxne cyMMM mm 6yfleM cnnTaTb SKBHBajienTHMMH, ecjin y nnx ^jia jno6oH napbi coBna^iaeT cyMMa K034)4)Hn,HeHT0B 
npn 3T0H nape. TaKHM o6pa30M, npnxoflHM k KOMnjieKcnoMy BexTopnoMy npocTpancTBy, KOTopoe mm o6o3Ha^HM 
KaK X oY (sTO — ceo6odHuu C -ModyAb, nopocHcdeHHUu deKupmoeuM npouaeedenueM X xY ). 

B nojiy^HBmeMca npocTpancTBe paccMOTpnM sjieMenTM Bn^a: 

1 • {\x) o y — X ■ X o y , 

1 ■ X o (Ay) — A • X o y , 

1 • (xi + X2) oy — 1-xiOy— 1-X2 0y, 

1 • X o (yi + ys) - 1 • X o yi - 1 • X o y2 . 
JlnHennyio o6ojiOHKy yKa3aHHbix sjieMenTOB o6o3HaHHM X oY . 
•taKTopnsya X oY no X oY , npnxo^HM k TensopnoMy nponsBeflennio: 

X (^Y = {X oY)/{X oY) . 

BBe^eM TaKJKe fljia KpaTKOCTn o6o3HaneHHe x ® y . IlMenno, 6yfleM c^HTaTb, hto npn yKasannoii (jsaKTopHsaiinn 
sjieMenT 1 • x o y npocTpancTBa X oY nepexo^HT b sjieMenT x ® y npocTpancTBa X ®Y . 

EcjiH X M Y — o6bi^Hbie rHJib6epT0Bbi npocTpancTBa, to, KaK H3BecTH0, nx TeH3opHoe npoH3BefleHHe X ®Y 
o6jiaflaeT ecTecTBennoii CTpyKTypoii rHjib6epT0Ba npocTpancTBa. CKajiapnoe nponsBeflenne b X ®Y npn stom 
onpe^ejiaeTca Bna^ajie ^Jia nap no 4)opMyjie: 

( xi (g) yi , X2 «) y2 )x®Y = {xi , X2)x ■ {vi , V2)y , (16) 

a na ocTajibHbie sjieMenTM nepenocHTca, ncxo^a hb TpeGoBanna jinnenHOCTH no BTopoMy apryMenTy n aHTHjinneiiHOCTH 
no nepBOMy. Xlonojinaa X ®Y OTHOCHTejibno yKasannoro CKajiapnoro npoHSBe^enna, npnxoflHM k rHjib6epT0By 
npocTpancTBy. 

B CJIy^^ae npocTpancTB rHjib6epT0Ba Tnna KajK^oe ns npocTpancTB X n Y oGjia^aeT MnornMn SKBHBajienTHMMH 
CKajiapHMMH npoH3BefleHHflMH. HpocTpancTBO X®Y npn 3tom, corjiacno yKaBannoii cxeMe, na^ejiaeTca mhophmh 
CKajiapHMMH npoHBBeflennaMH. IloKajKeM, ^to Bce sth CKajiapnbie npoHBBeflenna SKBHBajienTHM. 

HTaK, nycTb b o;i,hom h3 ^Byx npocTpancTB, nanpnMep b X , mm nepexo^HM ot CKajiapnoro npoH3Be;i,eHHfl 
{■ , ■)x K SKBHBajienTHOMy CKajiapnoMy npoHBBe^ennio ( • , ■ )x ■ Hpn stom CKajiapnoe npoHBBe^enne ( • , • )x0Y 
B npocTpancTBe X iSiY BaMenaeTca na ( • , • )x<^y ■ 
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PaccMOTpHM KaKOH-HH6yflb sjieMBHT npocTpaHCTBa X I^Y 



Z ^ Xi (^^ yi + X2 <^ 1/2 + ■ ■ ■ + Xn Vn ■ 

JlerKO BH^eTb, ^^to 3tot ajieMeHT MOJKeT 6biTb npHBeflen k TaKOMy BH^y, ^^to b stoh cyMMe Bce yi, 1/2, ■■■ ,yn 
SyflyT opToroHajibHbi flpyr flpyry OTHOCHTejibHO CKajiapHoro npoHSBe^eHHH b Y . CKajiHpHbie npoHSBe^eHHa SToro 
sjieneHTa caMoro na ce6fl npHMyT Tor^a oco6eHHO npocToii bh^: 

{z, Z )xig,Y ^ {Xl , Xi)x ■ {yi , yi)Y + {X2 , X2)x ■ {y2 , y2)Y + ■ ■ ■ + {Xn , Xn)x ■ {yn , yn)Y , (17) 
(z, z)x(g,Y = (Xi , Xi)x ■ {yi , yi)Y + ix2 , X2)x ■ {y2 , y2)Y + ■ ■ ■ + {Xn , Xn)x ■ iVn , yn)Y ■ (18) 
XlI06Hblii Heo6xOflHMbIH H flOCTaTO^Hblii npHSHaK SKBHBajieHTHOCTH CKajIflpHblX npOH3BefleHHH ( • , • )x(g>Y H 

( • J • )x0Y cocTOHT B cjie^yiomeM: cymecTByeT Taxoe £ € R , £ > , ^to jiJia jiio6oro z £ X i^Y BbinojiHaroTca 
ycjiOBHJi: 

£ • ( z , z )x(»Y < {z, z )x0Y , e ■ {z, z )x®Y < {z, z )x0Y ■ 

Ho ecjiH TaKoe e cymecTByeT ^jia CKajiapHbix npoH3Be;ieHHii ( • , • )x n {' t ' )x , to corjiacHO 4)opMyjiaM II17|I h 
(jl8ll . OHO jKe ro^HTCfl h ^jia CKajiapHbix npoHSBe^eHHH ( • , • )x(giY n ( • , ■ )x(g>Y • 

TaKHM o6pa30M, Bce CKajiapHbie npoHSBefleHHH b X Y SKBHBajienTHbi. nonojiHaa X (g) Y OTHOCHTejibHO 
TonojiorHH, saflaBaeMoii sthmh CKajiapHbiMH npoHSBefleHHAMH, npHxc^HM k npocTpancTBy rHjib6epT0Ba rana. 

12. Tonojiorna npocTpancTBa cocToaHHH KBaHTOBaHHoro sjieKTpoMarHHTHoro nojia. Kax mm BH^iejiH, 
y KBaHTOBaHHOro sjiexTpoMarHHTHOro nojia npocTpancTBO cocToaHHii Ti pacna^aeTca b opToronajibHyio cyMMy 
noflnpocTpaHCTB c onpeflejieHHbiM hhcjiom ^acTHE;: 

n = na+ni+n2+ ■ ■ ■ (19) 

noflnpocTpaHCTBO Ti.Q oflHOMepHO. nosTOMy Bonpoc o ero TonojiorHH ne BCTaeT. 

Ho^npocTpaHCTBO Tii , xax 6biJio noKasano b nvHKTe lTni (jjaKTH^ecKH OTOJKflecTBJiaeTCfl c (J)a30BbiM npocTpancTBOM 
KJiaccH^ecKoro nojia Z . Oho HBJiaeTca npocTpancTBOM rHJib6epTOBa Tnna. Ten caMbiM Bonpoc o ero Tonojiornn 
TaKJKe pemen. 

PaccMOTpHM Tenepb TeHSopHoe npoHSBe^eHHe npocTpancTBa Z na ce6a: Z ® Z .V> hSm ecTecTBeHHbiM o6pa30M 
onpe^ejiaeTca ^eficTBHe rpynnbi nepecTanoBOK h3 ^Byx sjieneHTOB. npocTeiiniHe sjieMeHTbi npeo6pa3yiOTca no^ 
^leiicTBHeM stoh rpynnbi Kax a®h — > ]i®a , a na ocTajibHbie sjieMeHTbi sto ^eiicTBHe npo^ojiJKaeTca no jinnefiHOCTH. 

OcTaBHM cpeflH CKajiapnbix npoHBBeflenHH b npocTpancTBe Z ® Z TOjibKO nnBapnanTHbie no OTHomenHio k 
fleiicTBHio yKaaaHHOH rpynnbi. Ha npaxTHKe yflo6HO npocTO orpannnnTbca npoHaBeflennaMn, ^jia KOTopbix b 
npaBoii ^acTH 4)opMyjibi Ijl6|l ctoht nponsBe^eHne OflnnaKOBbix CKajiapHbix npoHSBe^jennn. 

Tor^a rpynna nepecTanoBOK ^encTByeT yHHTapno^ b Z ® Z . W Z ® Z pacna^aeTca b GpToronajibnyio cyMMy 
flByx HHBapnaHTHbix noflnpocTpancTB: CHMMeTpHirecKoro h aHTHCHMMeTpH^recKoro. 

KajK^Ioe H3 3THX flByx no^npocTpancTB nacjie^iyeT Tonojiornio h3 Z ® Z . 

JlerKO BHfleTb, hto ^ByxnacTHnnoe KBanTOBoe npocTpancTBO 7^2 ecTecTBenHO OTOJKflecTBjiaeTca c CHMMeTpn^ecKHM 
noflnpocTpancTBOM b Z Z n tbm caMbiM na^ejiaeTca cooTBeTCTByromeii Tonojiorneii. 

H TaK flajiee. n -^acTH^Hoe no^npocTpancTBO Tin OTOJKflecTBJiaeTca c nojinocTbio CHMMeTpnirecKHM no^npocTpancTBOM 
n -on TensopHoii CTenenn Z . H nacjie^yeT OTTy^a Tonojiornio. 

TaKHM o6pa30M, KajK^oe h3 noflnpocTpancTB b opToronajibnoii cyMMe sBjiaeTca npocTpancTBOM rHjib6epT0Ba 
Tnna. C npaKTH^ecKoii to^kh apenna sto onenb yflo6HO, nocKOJibKy ^Jia npaKTH^recKHX npHJio^Kennii ropas^o 
npome onpe;i,ejiaTb onncannbie npocTpancTBa c noMonibio 6a3HCOB (a ne KaK 4)aKTopnpocTpaHCTBa CBo6oflHbix 
MO^yjieii) . 

PaccMOTpHM Tenepb npocTpancTBO Ti b iiejiOM. Ha ocnoBe Tonojiornii, BBeflennbix b ero noflnpocTpancTBax, 
MOJKHO BBOflHTb pa3Hbie TonojiorHH BO BCBM npocTpaHCTBC. HanpHMcp, cxo;i,HMOCTb HanpaBJieHHOCTH K nyjiio 
MOJKHO noHHMaTb KaK He3aBHCHMoe CTpeMJienne k nyjiio Bcex npoeKiinii SToii nanpaBJiennocTH. TaKaa Tonojiorna 
npe^CTaBJiaeTca b flannoM cjiynae caMoii ecTecTBennoii. 



^Ilofl yHHTapHMM npeo6pa30BaHHeM npocTpaHCTBa rHjibSepTOBa THna mm noHHuaeM aBTOMop<J)H3M SToro npocxpaHCTBa, t. e. 
B3aHMHO-OflH03HaHHoe OTo5pa>KeHHe Ha ceSn, coxpanHfomee jTHHeftHyfO CTpyKTypy h Ka>K^oe h3 CKajinpHBix npoH3BefleHHH. 
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MojKHO >Ke 3T0 Tpe6oBaHHe ycHJiHTb H noTpe6oBaTb ^jonojiHHTejibHO, HanpHMep, T^To6bi na^HHaa c neKOToporo 
MOMeHTa y nanpaBJieHHOCTH Jinnib KoneHHoe hhcjio npoeKiiHfi OTJinnajiocb ot nyjia. 

TaKHM o6pa30M, B Ti. cymecTByeT mhofo ecTecTBennbix Tonojiornii. IlpH 3tom caMO npocTpancTBO Ti. npocTpancTBOM 
rHjib6epT0Ba rana ne ABjiaeTCfl. 

B CBfl3H c 3THM xoTejiocb 6bi o6paTHTb 3flecb BHHMaHHe Ha cjie^yiOLLi,ee o6cTOHTejibCTBO. B pa6oTe FynTbi |14| 
npe^jiarajiocb KBaHTOBaTb sjiexTpoMarHHTHoe nojie b o6biT^HOM rHjib6epT0B0M npocTpancTBe c nojioJKHTejibHO- 
onpe^ejieHHoii MeTpHKofi. 9to ^eiicTBHTejibHO mojkho c^ejiaTb, paccMaTpHBaa KBanTOBaHHa, HHBapnaHTHbie no 
OTHomeHHK) K 6ojiee ysKoii rpynne, hgm rpynna IlyaHKape (a hmghho, no OTHomeHHio k noflrpynne rpynnbi 
HyaHKape, ocTaBJiaiom,eii HHBapnaHTHbiM HanpaBJienne ocn BpeMeHn). IIo^npocTpaHCTBa c 4)HKCHpoBaHHbiM hhcjiom 
T^acTHn, npn stom OKasbiBaiOTCfl (jsaKTH^ecKn coBoa^aioniHMH c nocTpoenHbiMn Bbime. Ho o6m,ee npocTpancTBO Ti 
naflejiaeTca npn stom Tonojiorneii, KOTopaa ne aBjiaeTca pejiaTHBHCTCKH-nnBapnaHTHoii. Xlpn stom oxasbiBaeTca, 
^TO HeKOTopbie cocToanna nojia npn KBanTOBanHH b Oflnoii CHCTeMe OTCHeTa rHjib6epT0By npocTpancTBy npnnafljiejKaT, 
a B flpyroii hst. TaKHM o6pa30M, CTapbiii 4)opMajiH3M FyoTbi pejiaTHBHCTCKH-nHBapnanTHbiM ne aBjiaeTca, ^ajKe 
neaBHO. 

B CBOHx 6ojiee noBflnnx pa6oTax Fynia nbiTajica OTxaaaTbca ot nacHJibCTBennoro BBeflenna snaKOonpe^ejieHHoii 
MeTpHKH. OflHaKO, ero nocjie^Haa ny6jiHKai];Ha na STy TeMy j22j acHO noxasajia, hto nnKaKoii aBHO pejiaTHBHCTCKH- 
HHBapnaHTHoii KoncTpyKiinn KBaHTOBannoro sjieRTpoMarnnTHoro nojia y nero Bce paBHO hgt (ne roBopa yjKe o 
npo6jieMax c (J)yHKn,HOHajibHbiM anajiHSOM). 

13. O npoHcxoxc^eHHH aHTHyHHTapHbix npeo6pa30BaHHH. B cooTBeTCTBHH c BBe^ennoii npoije^iypoH 
KBanTOBaHHa, jiHHeiiHbie npeo6pa30BaHHa Ha6jiK);iaeMbix KJiaccn^ecKoro nojia, coxpanaronine cko6kh Hyaccona n 
noflnpocTpancTBa Cr n De , nopojKflaiOT ynnTapHbie npeo6pa30BaHHa cocToannii KBanTOBanHoro nojia. MejKfly 
TeM HBBecTHO, ^^T0 b KBanTOBoii TeopHH BajKHyio pojib nrpaiOT TaKJKe aHTnynnTapHbie npeo6pa30BaHHa CHMMeTpHH. 
PaccMOTpHM Hx npoHCxojKfleHHe na npnMepe onepaiinn o6pairi;eHHa BpeMenn — T . 

Hpe^inojiojKHM, hto jiarpaHJKnan KJiaccn^ecKoro nojia T -nHBapnaHTen (opHMepaMn MoryT cjiyjKHTb h CKajiapnoe 
nojie H 3jieKTpoMarHHTHoe) . Tor^a ^eiicTBHe OKaabiBaeTca TOJKe T -nHBapnaHTHbiM. Ten caMbiM, nojiebbie 4)yHKLi;HH, 
yflOBjieTBopaiomne npHHiinny CTaiiHonapHoro ^eiicTBHa, nepexo^aT npn OTpajKennH BpeMenn b (jaynKiinn, TaKJKe 
yflOBjieTBopaiomne npnniiHny CTaiinonapnoro ^encTBHa. 

TaKHM o6pa30M, c tohkh spenna HHBapHanTHoro raMHJibTOHOBa (J)opMajiH3Ma, onepan,Ha o6pam,eHHa Bpenenn — 
STO B3aHMHO-OflH03HaHHoe OTo6pa>KeHHe nnBapnanTHoro (i)a30Boro npocTpancTBa Z na ce6a. Kax npn stom 
OTo6pa}KeHHH Be^eT ce6a CHMnjieKTHnecKaa CTpyKTypa? H3 BapnaiiHonnoro onpeflejienna CHMnjieKTHHecKoii CTpyxTypbi 
oneBH^HO, HTO OHa npn 3tom MenaeT 3HaK. TaxHe npeo6pa30BaHHa, MenaioiuHe 3HaK CHMnjieKTHT^ecKoii CTpyxTypbi, 
ecTecTBeHHO nasbiBaTb aHmucuMnjieKmunecKUMU. 

PaccMOTpHM Tenepb conpajKenHoe fleftcTBne onepaijHH o6pairi;eHHa BpeMenn na sjieMenTbi conpa>Kennoro npocTpancTBa 
c • 

a — > ax , a,aT & Z'^ . 
CKo6Ka Hyaccona no^ fleiicTBHeM 3Toro npeo6pa30BanHa MenaeT 3naK: 

TaKHM o6pa30M, onepaLtna o6pairi;enHa BpeMenn nopojKflaeT aBTOMop(i)H3M ajire6pbi Jin C (B Z^ . 

B cooTBeTCTBHH c npon,e^ypoH KBanTOBanna, nsjiojKennon b ^annoii CTaTbe, B03nHKaeT jKejianne nocTpoHTb cooTBeTCTByioninn 
aBTOMop(J)H3M ajire6pbi onepaTopoB O fsjin KBanTOBannoro nojia. 9Toro, o^naKO, c^jejiaTb nejib3a. ^ejio b tom, 
HTO npn nocTpoennn ajire6pbi onepaTopoB O y MnojKecTBa C(B Z^ ncnojib3yeTca ne TOJibKO CTpyxTypa ajire6pbi 
Jin, HO n cneiinajibHoe cooTBeTCTBne MejK^y no^npocTpancTBOM C n MnojKecTBOM cxajiapoB C (cooTHomenne 
1 = O"^ ) . 3to 03na^aeT, hto ^jia nepenecenna onepan;HH o6panieHHa BpeMenn na KBanTOBbiii cjiyHaii Tpe6yK)Tca 
^onojinnTejibnbie corjiamenna, KpoMe yjKe BBeflennon onepan,nn KBanTOBanna. 

ycjiOBnMca, HTO cjiOBa (t. e. 3JieMeHTbi nojiyrpynnbi W ) npn o6pam;eHHH BpeMenn npeo6pa3yiOTca no cjie/iyiomeH 
4)opMyjie: 

ab . . .c — *■ ct ■ ■ - bTCtT , a,b, . . . ,c,dT,bT, ■ ■ ■ ,ct E A , 

T. e. npoHCxo^inT 3aMena KajK^oii 6yKBbi na cooTBeTCTByroniyro, n 6yKBbi nocjie SToro 3anncbiBaiOTca b o6paTnoM 
nopa^Ke. Hpn 3tom OHeBn^jno, ^to OTpajKenne BpeMenn na npon3Be;i,enHe ^Byx cjiob ^eiicTByeT cjie^iyroninM 
o6pa30M: 

B3anMno-Oflno3na^^noe OTo6pa>KenHe nojiyrpynnbi na ce6a, o6jiaflaioiri;ee TaxHM cbohctbom mojkho na3BaTb aHmuaemoMop^usMOM. 
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IIocTpoeHHbiH aHTHaBTOMop(J)H3M nojiyrpynnbi cjiob W no jiHHeiiHOCTH npo^ojiJKaeTca aHTHaBTOMop4)H3Ma 
ajire6pbi 4)pa3 V . ^ajiee, jierKO npoeepHTb, hto 3tot aHTHaBTOMop4)H3M ajire6pbi 4)pa3 nopojK^aeT aHTHaBTOMop(J)H3M 
ajire6pbi onepaTopoB O . 

IlpeflnojioJKHM flajiee, ^to npH o6pairi;eHHH BpeMenn poHCflaiomee noflnpocTpancTBO Cr h yHH^TOJKaiomee De 
nepexo^IflT flpyr b ;ipyra. 9to ycjiOBne o6biHHO BbinojiHaeTca noTOMy, ^to sth no^npocTpancTBa flBJiaroTca OTpn- 
ijaTejibHO- H nojiojKHTejibHO-^acTOTHbiMH, cooTBeTCTBeHHO. JleBbiH H^eaji, HaTanyTbiii Ha De~~ , npn o6pairi,eHHH 
BpeMeHH nepexoflHT b npaBbiii H^eaji, HaTflnyTbiii na Cr^ . IlojiyHaioinHHCfl b pesyjibTaie (JjaKTopHaaiiHH jieBbiii 
MOflyjib nepexo^HT b cooTBeTCTByiomHH npaBbiii MO^yjib. 

TaKHM o6pa30M, onepan,Ha o6pam,eHHa BpeMenn 3aflaeT B3aHMHO-o;i,H03HaHHoe jinnenHoe cooTBeTCTBne kbt- h 6pa- 

BeKTOpOB^. 

CKajiflpnoe nponaBefleHne, xax neTpy^HO Bn^eTb, npn o6pairi;eHHH BpeMenn coxpanaeTCfl: 

{x\y) = {yT\xT) . (20) 

HocKOJibKy MejK^y kbt- h 6pa-BeKTopaMH HMeeTca BsanMHO-o^HOsna^noe anTHJinHennoe cooTBeTCTBne, to mojkho 
npoBOflHTb Bce paccyjKfleHHfl b paMxax oflHoro npocTpancTBa, nanpHMep, npocTpancTBa KeT-BexTopoB. Tor^a 
onepaiiHfl o6pairi;eHHij BpeMenn MOJKeT paccMaTpnBaTbca xax BBanMno-Oflnoana^noe aninjinneiinoe npeo6pa30Banne 
SToro npocTpancTBa. CooTnomenne Ij2fl|l noKasbiBaeT, ^to npn yKaaannoM npeo6pa30Bannn cxajiapnoe nponsBe^enne 
n3MenfleTCfl na KOMnjieKcno-conpajKennoe. npeo6pa30Banne, o6jiaflaiom,ee TaxnMn CBoiicTBaMn, na3biBaK)T aumuyHumapHUM. 

B aaKjiio^enne xo^y no6jiaroflapnTb B. M. IIIa6aeBa, Jl. JX- fl>a/meeBa, B. A. <I)panKe, B. JX- JlaxoBCKoro, Jl. B. XlpoxopoBa, 
B. B. Bepemarnna n K). M. IlncbMaKa aa njioflOTBopnbie flncKyccnn. 
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